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President of the Indonesia n l\1athernatical Society 
(lndoMS) 

FORE\VORDS 

Assalamu"alaikum Warahmatullahi WabaraJ..atuh 

Good morning and best wishes for all of us 

II is m) pleasure to say that the proceedings t)f the Second lndol\IS 
International Confrrcncc on Mathematics and Its Applications (I IC\I,\) 
2013 from November 6 10 November 7 at Yogyakana-lndonesia finally 
published. The 11 Ct-.1A 2013 is the second llCMA. after JJ Ci\IA 2009. 
which is organized by the Indonesian Mathematical Society (lndl)l\ ISJ in 
collaboration with Depanment of Mathematics. Facult~ of \lathenrntic.:s and 
Natural Sciences. Gadjah MaJa Uni\'crsity anJ rundcd by Directorate of 
Research and Communit~ Sen,ices. the Directorate General of 1 lighcr 
Education. l\1 inistry of Education and Culu1n.:Republ ic of Indonesia. 

llCMA 20 13 is one of the activ ities of lndoMS period 20 12-2014. 
Organizing an llCMA 2013 is not only a continuing academic acti\ ity for 
lndoMS. but it is also a good opponunity for discussion. dissemination of 
the research resull on mathematics including: Analysis. Applied 
Mathematics. Algebra. Theoretical Computer Science. Mathematics 
Education, Mathematics of Finance. Statistics and Probability. Graph and 
Combinatorics. also to promote lndoMS as a non-profit organization which 
has a member more than I AOO people from around Indonesia area. 

We would like to express our sincere gratitude to all of the Invited Speakers 
from the Netherlands. Georgia. India. Germany. Singapore and also Indonesia 
from Uni\ersities (ITB. UPI. Uni.,,ersity of Jember) and LAPAN Bandung. 
all of the speakers. mt!mbers and staffs of the organizing committee of llCMA 
2013. Special thanks to the Secretary of International Mathematics Union 
(JMU), the Directorate General of Higher Education. the Dean of Faculty of 
Mathematics and Natura l Sciences-Gadjah Mada University. the Head of 
Department of Mathematics together with all staffs and students. also for 
supporting oflecturers and staffs as an organizing committee from Indonesian 
University. Padjadjaran Universit~. Uni\ersil) North of Sumatera, Sriwija}a 
Universit) and Bina Nusantara Universit). Final I). "e also would like to to 
give a big thanks for all reviewers who help us to review all papers which 
are submitted after llCMA. 
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\\ 11h "arm\.'.~I r~g:m .. b. 

Budi Nurani Ruchjana 
Prl!sidcnl lndo\IS 2012-201 -l 
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Chair of the Committee llCMA 20 13 

On behalf of the: Organizing Commiuc:c: of lndo~ I S lntc:rnational 
Confrrence on tvlathematics anJ its Applications (llC~IA) 2013. I \\Ould 
like to thanks all participants of the confert!ncc. This conference: \\as 
org<inized b~ Indonesia Mathematical Stll'iet~ (I ndo~1 S) and hosted b~ 
Department of Mathematics. Facult) off\ lathematics and Natural Sciences. 
Universitas Gadjah f\I ad a. Yog~akarta. lndont:sia. during 6-7 :"\ovembcr 
~013. 

In llCMA 2013. there \\ill be 122 talks \\hid1CL)nSiSISur10 imited anJ 112 
contributed talks coming from diverse aspects or mathc:rrnHii..::, ranging from 
Analysis. Applied Mathematics. Algebra. Theoretica l Computer Science. 
Mathematics Education. Mathcmatil:s of Finance. Statistics anJ Probabilit~. 
Graph and Combinatorics. Ho" C\ c:r. the numbt!r of paper "hich \\en: sent 
nnd ,1cccptt:d in 1his prncecJings is :n paper:,. \\ e \\Otdd abti lil-.c lo gi\c 
our • Pro[ Dr. S. Arumugnm (CornbinattH'ics. Kalasalingam Uni\ ersity. 

India) 
• Prof. Dr. Bas Edixho\'en (Algebra. Uni\'ersiteit Leiden-the 

Netherlands) 
• Prof. Dr. Dr. h.c . rnult. Martin Grotschel (Applied Math. Technische 

Universiiat Berlin. Germany and International Mathematics l!nion) 
• Prof. Dr. Kattlos Joseph Kachinsll\ iii (Statistics. Tbilisi State 

University-Georgia) 
• Prof. Dr. Berindl!~jt:et Kaur (Mathematics Education. National 

Institute of Education. Singapore) 
• Prof. Hendra Gunawan. Ph.D (Analysis. !TB-Bandung. lndont:sia) 
• Prof. Dr. Edy Herma\\an (Atmospheric Modeling. LAPAN 

Bandung) 
• Prof. H. Yaya S. Kusumah. M.Sc .. Ph.D (Mathematics Education, 

UPI-Bandung. Indonesia) 
• Prof. Dr. Slamin (Combinatorics. Universitas Jernber. Indonesia) 
• Dr. A learns Barra (Algebra. !TB-Bandung, Indonesia) 

We thank all who sent the papers or proceedings of llCMA 2013. 'v/e also 
would like to give our gratitude for all reviewers "ho worked hard for 
making th is proceedings done. 

lndoMS conveys high appreciation for the Directorate General of Higher 
Education (DGHE) for the most valuable support in organizing the 



confen:ncc. We also \\Ould lih.e to give our gratitude to l 'ni,ersitas GaJjah 
~ l ada. especially to Department of Mathematies, Facult~ of Matht:rnaties and 
Natural Sekm:l!s for pro' iding the pl:1ees and <,laffs for thi~ e1..>nli:rerh:c . 

It remain-; to thanh. Jll members of Organi1ing Committee ... rm:aJ aero-.s 3 
eitie!I. Depoh.. Bandung anJ Yog~ ah.ana "ho ha\ e ,,·orh.ed 'er~ hard to mah.e 
thi-. rnnfi:rcm:e happens. 

Yogyakarta. January 51h. 201-4 
On behalf of the Com mince 
Dr. Kiki Ariyanti Sugcng - Chair. 
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Proceeding of llCMA 2013 
Appl;ed Matl'lemat1C5 

COM PARISON OF SENSITIVITY ANALYSIS ON 
LINEAR OPTIMIZATION US ING OPTIMAL 

PARTITION AND OPTIMAL BASIS 
(IN THE Sll\1PLEX l\IETHOD) AT SOME CASES 

I BIB l' ·\lfflll ' \I SIL·\I i\111. ~ \flR'i1\ S·\RI Dl ·\\.'I 

' Lecturer at Bogor Agricultural University, bibparuhum1@yahoo.com 
2Student at Bogor Agricultural University, m1rnasandew1kara@gmall com 

\ b~trac t . '"n"t" it) an;il) ''' Ji:,crili.:-. th.: .:ff.:i:h ol •oi:t li..:i.·nt di.mg<'< ol a 
line;ir (1p11m11.1twn pmlikm l(I the uptimal "1lut1t111. I ~uall) ""'use the t1ptimal 
bu,is approach as 111 th.: s1111pk' 1t1«th11J I h1, pap<·r Jiso.:u,sn.I th<· ~ens11h it) 
Jnal) sis\\ ith a111>1hcr approJdl.:' Jnal) ''~ u,ing an op11111al rart111u11 ha,ed 011 th.­
int.:nor point method to determine th.: range and shaJO\\ rric.: . W.: then compare 
the results olitamcd "ith those pr11du.-cd Ii) th.: simple' 111.-thod \\ith the h.:lp of 
snft";irc l IN()O 6.1. lhc rc~ults nfsen~iti\'it) anal)~is. ohia1ncd through the 
011timal purtition apprullch b more accurate than using th.: optimal basi~ :1rproach 
(th<' .;impk\ ml'l110J) . .:sp.:o.:1all) for C<I<<'< \\here th.: rrimal or th.: Jual optimal 
solu11on is nnt UOl<JUC. 11ut "h.·n th.: primal and the Jual ha' e a unu.1uo.: optimal 
solution. th.: '1mpl.:\ m.:tl111J ;1ml thl' ur11111.il p.1rtit11•11 ·•rrn•<1d1 rr.•dll\'l' ,,111\\' 
111for111a1io11 

Ai>1 I\ ords 1111d I'hrnses sen>iti\ it) JnJI) s1s. sh,1do\\ prio.:~. rang.-. optimal 
partition. optimal ti~sis. 

1. Introduction 

\ 
Linear Optimization (LO) is concerned with the m1111m1zation or 

maximization of a linear function. subject to constraints described by linear 
equations and/or linear inequalities. 

Sensitivity anal~ sis describes the etTect of changing the parameters of the 
linear optimization model. i.e. studying the effect of changing the coefficients of 
objective function and right-hand side 'alue constraints to the optimal solution. 
Sensitivity analysis that is used in the classical approach {the simple:-. method) based 
on the optimal basis. This paper will present briefly sensitivit: analysis by using 
another approach. the analysis using the unique partition (optimal partition) based 
on the interior point method. This method is presented by Roos. Terlaky and Vial 
[I]. B~ using the optimal partition approach. ''e determine shadO\\ price and range. 
For the same problem "e also performeJ a Sl!nsiti\ it: anal: sis u:>ing th<! ::.impk' 

8:.! 
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method with the help of software LINDO 6.1. Then we compare the obtained results. 
The structure of this paper is as follows. In section 2, we review short ly the 

primal-dual problem, optimal partition and optimal sets, range and shadow price. and 
sensitivity analysis "ith classical approach. In section 3, "e pn.:sent three cases of 
LO problems to be analyzed and compared by using optimal partition and by using 
LINDO 6.1. At the end we give concluding remarks. 

2. Sensitivity Analysis 

2.1. Pri mal - Dual 

Every linear optimization problem can be modeled mathematically into a form 
called the primal form (P) and the dual fonn (D). 

The standard fonn of a primal and a dual fonn are as follows: 
(P) min {c1x: Ax b. x:::: O}, 
(0) ma.x {b'y: A 1y + s = c, s:::: 0 }, 
where c. x, s E Ill", b, y E Ill"' and A E lll'"u is matrix with rank m. 

Suppose the optimal value of (P) and (D) symbolized by \'(b) and \'(c}: 
\'(b) = min {crx: .'Lt = b, x:::: O}, 
v(c) = max {b 1y: A1y + s = c, s:::: 0} . 
The feasible regions of (P) and (0) are denoted by P and D, respectively: 
P :- {xElll":Ax = b,x::::O}, 
D := {(l'. s) E Ill"': A7y + s = c. s:::: O} . 

If (P) and (D) are feasible then both problems have optimal solutions, and we 
denote it by p• and D*. 
p • := {x E P: CTX = v(b)} 
D* := {(y, s) ED: bry = v(c)}. 

2.2. O pt imal Pa rtition and opt imal sets 

The followings are the theorems that used as base of forming an optimal partition. 

Theorem l. (Dua/ity Theorem, cf [I] Theorem JU) Jf(P) and (D) are feasible then 
both problems have optimal solutions. Then, if x € P and (y, s) ED, these are optimal 
solutions if and only if x1s = 0. Otherwise 11ei1her of rhe two problems has optimal 
solutions, either both (P) and (D) are infeasible or one of the two problems is 
infeasible and the other one is unbounded. 

Theorem 2.(Goldman-Tucker, cf [I] Theorem /1.3) If (P) and (DJ are feasible 
then there exists a strictly complementary pair of optimal solutions, that is an 
optimal solution pair rx·. s*) satisfying x• + s• > 0. 

The optimal partition of (P) and (D) are the partition that splits the index of x 
(ands) into Band N, as follows: 

B : = {i : x, > 0 for some x E p•}, 
N: = {i : s, > 0 for some (y, s) ED*}. 

We may check that the duality theorem implies B n N = 0, and Goldman-
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l ud,l.'r 1h.:l>r\.'111 implil.'-, IJ u S : l. ~ .... n: 
\\ \! US\! .\ anJ \ " ,i:, lllll~llltHl'> r.:fer Ill lht: rl.''>lril:tion of lh\! \ t:l'.lor \ E ~" IL> 

1h.: inlll.'\ s.:1 IJ .inll .\' 11.::,pe1:1i' \.·I~ . Similarl>-. f ., am.I . I .. rqm.:-;enl 1he res1ric1ion of 
..i to 1he rnlu1111i:. '' i1h 111dk.:::. or sci[) and .\ rc::.pc1:11\ d~. \\ e then ha\ e the follo\\ ing 
lemma. 

Lemma I. ft/ r I /J p • t111tl o~ l 0 tlll lw c!Xflfc!\.h' " h1 the: ft.'f/11,\ of,,, .. optlllltll 
puni111m 111w 

p• :r: .-1.\ h.x ~O. x \ o: . 
/) * l(y .. I ) : .·I .1 • .I - l. l /I 0 . . I 1 ~ 0 / 

2.3. Range and Shadow Price 

S.:nsiti\ it) anal) sis Jc1crminc.:) the )haJ1m pric.:t• and rang.: of all 1hc 
.:odficicnts h (lht: 'alut: of the right sid.: of primal cons1rain1s) and l · (1hc value of 
1he righl sid.: dual l·ons1rainh l In one l'.a~\.'. 1h.: 'alut• of codlick111 h or, ma~ be a 
breaf... poi111. If the codfo:ie111 is a break. poinl. 1he11 we have l\\O shadow prices: the 
left shadow price and righ1 shado\\ price. If the cod'tickni i~ 1101 a breal- point. 1h.:n 
there is a shado\\ price at an open linearil) inierval and range of th.: coefficient is in 
the linearity interval. Figure I sho"s an e:-;ample of change in the optimal value for 
1he change in the ,·alue of <.j (<.·,=I anJ c:,=2 an! break points). 

~ilai Opumal . 

Figure I. Optimal val ue function for c, 

Suppose that (P) and ( 0) are feasible. According 10 optimal partition approach 
[I]. range of h, is obtained by minimizing and maximizing h, O\er the set 

{I>,: A.\ b. X H 2: 0. X \ = 0}. (I. I) 
Left and right shado" price of h, are delermined by mi nimizing and maximizing y, 
over the set 

{y,: A' y + s = c:. SH= 0. S,\ ~ O}. ( 1.2) 
Range of c, is obtained by minimizing and maximizing the value of c, over the set 

{c1:A'y+s=c.s11= 0.s.,~0}.(1.3) 
Left and right shadow price of c1 are detennined by minimizing and maximizing x, 
over 1he set 

{x;: Ax = b. XB::: 0. X\ = O}. (I .4) 



85 

2A. Sensiti\'ity Anal~·s is "ith the Classical Approach 

Sens iii' it) anal) sis \\ ith the classical approach based on the simple\ methoJ 
to soh e linear op1imization problems. The op1imal solution of thi s classical approach 
is determined b~ an oplirnal basi:-.. 

Assume lhat .-1 is a matri\ of ~1 1c mrn .ind ranl- 1.-1 I - 111. Indices of a basis 
'ariabk i., denoted b) B'. Then 'ub-n1.l111\ Ail, is .i non-s1ng.ul.ir 111at1I\111' s1J'c mxm 
\\ilh An,xB, !>. xN, 0 whac _\'is 1h;: \Clot non-ba:.is vari:ibk 1mk\ of .J t\ primal 
basic solution \'~:an be determined b~ 

x = (:~') = ('1iijb). ( 1.5) 

nnd a dual basic solution can be detc:minl.'d h~ 

y = A[/c8,, s = (~H·) = ( 11

1
, .). 1 I .6) 

.Sf\1 t \ _, "' \ 

Senst II\ ii} anal~ ... is" ith lhl'. d.h·;i•.11 .1pp1-..>c1'11 use:. also formulas ( 1.5 l - ( 1.8) 
to determine the range and shadO\\ pnce. btt1 "ith 1he optimal ha, is p.irtition lB '. .\' 
')instead or (8 .. \')_ In fact. P <1nJ D lllJ} ha\e more than one optimal basis. and 
therefore 1his classical approach rn:i~· abCl J'rovides diffcrrnt shadow pril.:c and range 
[2]. 

:l. Cases 

WI! consider threo: cases a~ f1'llo"~ : 

I. Optimal solutilm of the prim.ti pnl~~km i., unique and optimal solu'.ion of the 
dual problem is not unique. 

2. Op11111al solution of the primal p1obk.11I'1:,1! unil.JUt'. and opti111;1I ,01t11i<'ll of the 
Jual prohlcm is unique. 

3 Optimal ~olution of' the primal ,111d di.: du.1l p1t,hkn1-; <m: uniqu~. 

J. I. Case I 

Suppose the primlll problem (P) is ddi !lC1~ ... ., t0:1,_:\\S: 
Min4.\·1 - 5x: ~ I lx.1 
s.t -x: _. 3.\; ::: 0 

\ I - .\'• - .\' . 

x 1. \':.x.1?. 0 

The dual problem (0) is 
Maxy: 
s.ty: s 4 

- )'I - )': '.':: -5 
3y1- y: S I I 

The feasible region of the dual probkm is depic1cd in Figure 2. From Figure 2. it 
C'an be seen that the set of optimal solutions of ( 0) is D* = : 0·1. y~ ): I ::; Y1 S 5. Y2 
= -t: and the optimal value is -t . SlaC'k v.mabk of cad1 of the dual constrai111s are 
as follo\\s: 
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_I': • ~ ' -= -t ~· ~ i -t - .\'. 
-y ·_I': - \ : -5 ~ .\: ·) · I' - I 

.>y y: · ' - I I ·~·' I I - 31 . I 

It can be ~oncluJeJ thal all the slad, l\if\ be positi' eat an optimal solution unkss the 
slad, value of the ~on::.traint y: · -t. i.e. s, - 0. Thi:. means 1ha1 the optim;il partition 
of set Sis .\'={2. 3 }. Hence 8={ I: . 
By using Lemma I. we get: 
p• = {x E P: x: - x_; - 0} and (P) has a unique solution x - (I. 0. 0). 

··------ - ------.. 

' 

I 
I 

' I 
I 

, . _..,_,.. ___ ~·· - .... . 
Figure 2. Feasible region of case I. 

Next we sho" e\amples of finding range and shadow price of hf "' 0 and c: f 4. The 
other range and shadow price can be found in the same way. 

Ran ge and Shadow Price for hf= 0 
By using (I. I). range h, can be determined by minimizing and maximizing bf over 
the set {bf: Ax = b. XH ~ 0. x,, = O}. 
We have A:r =bas follows 

[~ =~ !1 ] [;~] = f b1
1l· 

x3 
From the abo' e s~ stem "e get 

0 =bf 
xf= I. 

Hence the range of bf is the interval [0. OJ. Therefore bf = 0 is a break point. 
By using ( 1.2). the shadow price of h1 can be detennined by minimizing and 
maximizing y, over the set [vf: Af y + s = c. SH= 0. s,, ~ O}. 
Using that y E D•. the minimum value of_r1 is I and the maximum value is 5. so the 
shadow price for h1 is [I. 5). 

Range and Shadow Price for c1 = ~ 
Range of Cf determine by minimizing and maximizing Cf over the set {cf: A' y ""s 
= c. SB= 0, S.\' ~ O}. as in ( 1.3). 
Matrix multiplication of .rl 1 y + s = c: 
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Basetl on Figure I. if \\C: elimina1e 1hc: lir~t con)lra1111. ~, \\ill be: 111 1he imer\al [I. 
f ). B~ sub'.>ti1u1ing .~ ()and y : to the: tir ... 1 <.:on~traint. \\C: gc:t 1· · This rnc:ans 
that I - c , · oo. hem:e the rangc: for l ' is the 1111en al ! I. , ). 
B) using ( I A) shat.lo'' price of c, is tlc:termine b~ minimizing anJ rna:-.imizing x , 
over the set :x:: .-Ix - fl. xrl ~ 0 .. \\ - 0). Becausc: Of.\ , - I, 1hen 1he shadow price of 
i.:1 is I. 

In Table I. we present range ant.I shadow price of case: I "hid1 arc: obrni111.:tl by using 
op1imal partition approach. We abo presen1 range: anti shado" price: obrninc:tl from 
calculation by using LINDO (Table 2). \\'e may sec: scnsi1ivi1y analysis of 1he 
simple:-. mctlll)J (LINDO) did not de1c:c11ha1 fl1 0 i~ a brc:al-- point. 

Table: I. Rangi:: and shado'' prict" obtainc:u from optimal partition approach 
Case I) 

Coefficient 
,, , = 0 

h · - I 
l / ~ .t 
c: - -5 
c: = II 

Range 
() 

(0. oo) 
(1.oo) 
(-9. oo) 
(-1. oo) 

Shado\\ prici:: 
I I. 5J 

.t 
I 
0 
0 

Table 2. Range and shadow price obtained from I INDO (Case I) 
Coefficient Ranl!I.! Sliotlm1· price 

h I = 0 ( - 00. 0 I I 
h: ~ I [0.oo) .t 
c1 =.t [I.co) I 
c: = -5 [-9.oo) 0 
c.; = 11 [-1. oo) 0 

3.2. Case II 

Suppose the primal problem (P) is defined as follows: 
Min 4x1 + 3 Ix: - 5x; -r I Ix, 
s.t 3x: -x.1 + 3.r, = 0 

x1.,. 1x: -x.; -x,= I 
.'< /, X:. X I, X; ~ 0. 

The dual problem (D) is 
Ma-;\ : 
s.ty: :s 4 

Jy , - -y:'.5 31 
-y1 -Y-' ~ -5 
3y1- )'J ~ 11 
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The t~a-.1bk region ot 1hc JuJI probkm " ,hm\11 in I 1gun: 3 rrom Figure >. \\C 

obiain that 1he op11mal solu1ion of ( D) is U • [ l1 ·, . y: ). ) 1 I.:-: 4} and lhl! op11mal 
\'aluc i~ 4 Siad. \'ariabk 0r each of 1he Jual constraint~ arc <lS folllm s: 

I " · \ 4 ·~ \ °"' 4 • I 

3y· ·7r:·\. 31 ,;::. , 31-3,1 -7 .1·; 
•_I'; · _I': - .\ .: -5 ~ .\ . -5 • I · • ,I': 

3y:- y:-.L II;:::,.\, 11-31 - 1·: 

, 
I ., . 

·-. 
I 

Figure>. Feasibk region of t';hc II. 

B) substitut ing y 1 - I. y: - 4. \\C obtain the values of each slad.. Slack in these 
constraints: )': ::: 4. 3y, - 7y: ~ 31 and -.1 , - y: ::: -5 are 0. i.e. s1 = l : = s,; == 0. Hence 
in the primal problem only x1 x: and x,; can be positive. Therefore the optimal 
partition ( B, N) is obtained. i.e. N = {-t J and B = { I. 2. 3}. 

By using Lemma I. "e ge1: 
P • = { ,. E fl: x, ~ 0} and { P) ha:. 1101 uniylh: solution : ( (.\ , .\: ·'··) : (a . ' . - ~.a. 3 ( 
1 

4 -
1
/4 a) ) l . 0 ~ a ~ I . 

By using the same calculation as in case I. we get ranges and shad(m prices of case 
11(Table3). Table 4 shows ranges and shadow prices of case II obtained by using 
LINDO. 

Table 3. Range and shado\\ price obtained from optimal partition approach 
(Ci:ise Ill. 

Coefficient Rang.: Shadoll' pric:I! 

b, = 0 (-00. 3·7] I 
b: == I [O. oo) -t 
C1 = 4 4 [I, OJ 

CJ = 31 31 ['/., OJ 
CJ = -5 -5 [~,OJ 
CJ = 11 (-1. oo) 0 
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Table -t . Ran!!c: anJ ~haJo\\ r• il'.c: obi.ii neJ If um I I'\ DO ( C m.c: II). 
Coeflicient Range: SlwJuw prin! 

h - o (-oo. OJ I 
h . 
'. [O. oo) -t 

-l [I. 4) I 
t ': 31 [31.UJ) 0 
t .. = -5 [-5, oo) 0 
t·, - I I [-I.co) 0 

From Table 3 and Table .t. there are difference~ in range and slrndO\\ price obtained 
b)' using optimal partition and the simpkx method. ,\t the coeffi1:knt h1 ~ 0, for the 
same shadow price. the optimal partition detect a greatc:r range. Next. at the 
coeflicients t ·1 = .t. c: = 31. and • ., = -5. anal)'sis using the: simpkx method does not 
tk1c:1:t an) breal.. poin1s. 

3.3. Case 111 

Suppose the primal problem (P) is defined a~ follO\\S' 
Min 11 \ / - 5x: T I Ix_. 
S.t Jxt - ,._, .._ 3x . = 0 

7x, - r : - x : 
\ .. \ :. \·,' 0 

Dual problem (0) is 
Max .r.• 
s.t3.ri + 7.r.· < 31 

-y1 - J::::: -5 
3y1 - y: :;: 11 

The feasible region of the dual problem is shO\\n in Figure -t. From Figure -t, it can 
be determined that the optimal solution of (0) is o• = { (1·1. y~): )'I : I. )'1 = -t} and 
the optimal value is 4 . Slack variable of each of the dual constraints arc as follows: 

3y: ~ 7y: ... s I = 3 I <::::> s I = 3 I - 3y I - 7y: 
-.r1 -y: + s: = -5 c:>s: = -5 + .r1 - y: 
31·, -y_. ..- s ,= IJ <:::>s := ll-3y1 - .1·· 

We can check that at _r1 = I and y: = -t. all the slack can be positive except slack in 
the constraint 3y1 - 7_1·: 5 3 I and -.n -y: 5 -5. at the constraints mentioned \\e have 
s 1 = S! = 0. Hence the optimal partition (B. /\') is ,v = { 3} and B = {I. 2} . 
By using Lemma I. we obtain: 
p• = {x E P: x_1 = 0/ and (P) has a unique solution x = (11

J. '·•. 0). 

By using the same calculation as before. \\ e get ranges and shadow prices of case 111 
(Table 5). Table 6 sho\\S ranges and shado\\ prices of case Ill obtained by using 
LINDO. 
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I abk 5. Range and shaJO\\ prkc: obtain..:J from optimal partition approach 
(Ca~.: Ill). 

Co..:flicic:m Rcmg<' Shcu/1111· / 11'/l ~ 

h 0 (-00. 3 71 I 
h: I IO. oo) 4 
l. 31 I 19. oo) 
l • -5 [-7. oo) I • 
c_, - I I l-1, oo) u 

Tab!.! 6. Range and shadow price: obtained from LINDO (Case: Ill). 
Codticic:nt Rang~ Slwdo11 1mn• 

h1 = 0 (-oo. 3171 I 
h_·= I [0.oo) 4 
ci=:> i [19.oo) ',. 
l·:= -5 1-7.oo) '• 
c:1~1 1 [-1.oo) 0 

<)0 

We ma) see that the range and shadow price using optimal partitioning and the 
simple.\ method are s:rn1e. 

4. Concluding Remarks 

The results of sensitivtt) anal) sis b) using the simplex method (using the optimal 
basis approach) tor cast's '' ht're one of the: primal or dual optimal solution is not 
unique. is not as perfect as the results obtained b)' using optimal partition approach. 
When the primal and the dual have a unique optimal solution. simplex method and 
optimal partition approach gi\'e the same information. 
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