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Abstract

Recently, a new approach to deal with the Navier-Stokes equation has been devel-
oped. The equation which governs the fluid dynamics is a a non-linear one and then
generally unsolvable. In the new approach, the fluid dynamics is described using the
relativistic gauge invariant bosonic lagrangian which could reproduce the Navier-Stokes
equation as its equation of motion through the Euler-Lagrange principle. Based on the

lagrangian we model the fluid dynamics phenomenon as scattering of either three or

—,

four fluid bunches represented by the gauge field A, = (¢, A) = (g |77|2 -V, —dz_f) with
v is velocity and d is a parameter to adjust the dimension for any potential V. Further
we present all relevant Fynman rules and diagrams, and also provide complete calcu-

lations for all vertices induced by three and four fluid fields interactions.

References: 38 (1985-2003)
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Chapter 1

Introduction

1.1 Background

The understanding of fluid dynamics like hydrodynamic turbulence is an important
problem for nature science, from both, theoretical and experimental point of view,
and has been investigated intensively over the last century. However a deep and fully
comprehension of the problem remains obscure. Over the last years, the investigation
of turbulent hydrodynamics has experienced a revival since turbulence has became a
very fruitful research field for theorists who study the analogies between turbulence and
field theory, critical phenomena and condensed matter physics , renewing the optimism
to solve the turbulence problem. The dynamics of turbulent viscous fluid is expressed
by the Navier-Stokes (NS) equations of motion, which in a vectorial form is a fluid flow
described by,
ov

Eﬂﬁﬁ)ﬁ:—%ﬁp—uﬁ?ﬁ, (1.1)

where v is the velocity field, P is pressure, p is density and v is the kinematic viscos-
ity. The equation of continuity reduces to the requirement that the velocity field is

divergenceless for incompressible fluids,
V-7=0. (1.2)

In this context,
the hydrodynamic turbulence has attracted an enormous interest due to the univer-
sal characteristics stressed by an incompressible fluid with high Reynolds numbers in

the fully developed turbulent regime. The Reynolds number, R = L/U. (where L is the

1



integral length-scale of the largest eddies and U is a characteristic large-scale velocity),
measures the competition between convective and diffusive processes in an incompress-
ible fluid described by the NS equations. In view of this, the incompressible fluid flow
assumes high Reynolds numbers when the velocity increases and, consequently, the
solution for Eq. (1.1) becomes unstable and the fluid switches to a new regime of
a very complex motion with the velocity varying almost randomly and without any
noticeable order. To discover the laws describing what exactly is going on with the
fluid in this turbulent regime is very important to both theoretical and applied science.
Recently, A. Sulaiman and L.T. Handoko proposed an alternative approach to treat
fluid dynamics [1]. In the fluid dynamics which is governed by the NS equation we are
mostly interested only in how the forces are mediated, and not in the transition of an
initial state to another final state as concerned in particle physics. Based on lagrangian
density Navier-stokes gauge field theory, they describes the dynamical of interactions
multi fluids system like on particle physics.

1 a a v a a
Lns =~ Fi ™ — g T Ay, (1.3)

In this thesis , we make a further investigation of the physical contents present in that

theory, in order to furnish a better understanding of fluid dynamics.

1.2 Overview

This theses is organized as follow. The introduction and background of the problem
are given in chapter one. Then the theoretical basic of this thesis, i.e.constructing the
Navier-stokes equation from gauge field theory, will be described in chapter two. The
main part is presented in chapter three. The discussion will be given in chapter four.

The last chapter is devoted for summary.



Chapter 2

Navier-Stokes Equation From
Gauge field theory

In this chapter we will construct the Navier-Stokes equation from first principle using
relativistic bosonic lagrangian which is invariant under local gauge transformations. We
show that by defining the bosonic field to represent the dynamic of fluid in a particular
form, a general Navier-Stokes equation with conservative forces can be reproduced
exactly. It also induces two new forces, one is relevant for rotational fluid, and the
other is due to the fluid’s current or density. This approach provides an underlying

theory to apply the tools in field theory to the problems in fluid dynamics.

2.1 Introduction

The Navier-Stokes (NS) equation represents a non-linier system with flow’s velocity
U = v(x,), where z, is a 4-dimensional space consists of time and spatial spaces,
z, = (29, ;) = (t,7) = (t,2,y,%). Note that throughout the paper we use natural
unit, ¢.e. the light velocity ¢ = 1 such that ¢t = ¢ and then time and spatial spaces
have a same dimension. Also we use the relativistic (Minkowski) space, with the

metric g, = (1, —1) = (1, —1, =1, —1) that leads to 2? = z#z, = 1g,, 2" = 12 — x> =

22— 22 — ol — al.

Since the NS equation is derived from the second Newton’s law, in principle it
should be derived from analytical mechanics using the principle of at-least action on
the hamiltonian as already done in several papers [2]. Some papers also relate it with

the Maxwell equation [3]. The relation between NS and Maxwell equations is, however,



not clear and intuitively understandable claim since both equations represent different
systems. Moreover, some authors have also formulated the fluid dynamics in lagrangian
with gauge symmetries [4]. However, in those previous works the lagrangian has been
constructed from continuity equation.

Inspired by those pioneering works, we have tried to construct the NS equation
from first principle of analytical mechanics, i.e. starting from lagrangian density. Also
concerning that the NS equation is a system with 4-dimensional space as mentioned
above, it is natural to borrow the methods in the relativistic field theory which treats
time and space equally. Then we start with developing a lagrangian for bosonic field
and put a contraint such that it is gauge invariant. Taking the bosonic field to have
a particular form representing the dynamics of fluid, we derive the equation of motion

which reproduces the NS equation.

2.2 Gauge invariant bosonic lagrangian

In the relativistic field theory, the lagrangian (density) for a bosonic field A is written
as [6],
La= (0" A)(0,4) +mi A2 (2.1)

where m 4 is a coupling constant with mass dimension, and 0, = 9/0z*. The bosonic
field has the dimension of [A] = 1 in the unit of mass dimension [m| =1 ([z,] = —1).
The bosonic particles are, in particle physics, interpreted as the particles which are
responsible to mediate the forces between interacting fermions, ’s. Then, one has to

first start from the fermionic lagrangian,

Ly = ipy"(0,0) — myht) (2.2)

where 9 and v are the fermion and anti-fermion fields with the dimension [¢] = [¢] =
3/2 (then [m,] = 1 as above), while v* is the Dirac gamma matrices. In order to
expand the theory and incorporate some particular interactions, one should impose

some symmetries.



2.2.1 Abelian gauge theory

For simplicity, one might introduce the simplest symmetry called U(1) (abelian) gauge
symmetry. The U(1) local transformation' is just a phase transformation U = exp [—i6(z)]
of the fermions, that is 1 Y, ' = U+. If one requires that the lagrangian in Eq.
(2.2) is invariant under this local transformation, i.e. £ — L' = £, a new term coming

from replacing the partial derivative with the covariant one 0, — D, = 0, + ieA,,

should be added as,
L= Ly~ ey )A, . (2.3)

Here the additional field A, should be a vector boson since [A,] = 1 as shown in Eq.
(2.1). This field is known as gauge boson and should be transformed under U(1) as,

, 1
Ay AL = A+ ~(0.0) . (2.4)

to keep the invariance of Eq. (2.3). Here e is a dimensionless coupling constant
interpreted as electric charge later on.

The existence of a particle requires that there must be a kinetic term of that particle
in the lagrangian. In the case of newly introduced A, above, it is fulfilled by adding
the kinetic term using the standard boson lagrangian in Eq. (2.1). However, it is easy
to verify that the kinetic term (i.e. the first term) in Eq. (2.1) is not invariant under
the transformation of Eq. (2.4). Then one must modify the kinetic term to keep the
gauge invariance. This can be done by writing down the kinetic term in the form of

anti-symmetric strength tensor F),, [5],

1
EA = _Z ,LU/FHV ) (25)

with F,, = 0,A, — 0,4, and the factor of 1/4 is just a normalization factor.

On the other hand, the mass term (the second term) in Eq. (2.1) is automatically
discarded in this theory since the quadratic term of A, is not invariant (and then not
allowed) under transformation in Eq. (2.4). In particle physics this result justifies the

interpretation of gauge boson A, as photon which is a massless particle.

!The terminology “local” here means that the parameter @ is space dependent, i.e. § = 6(z). One
needs also to put a preassumption that the transformation is infinitesimal, i.e. 0 < 1.



Finally, imposing the U(1) gauge symmetry, one ends up with the relativistic version

of electromagnetic theory, known as the quantum electrodynamics (QED),

_ — 1
EQED = wayﬂ(a“w) - mwi/fw - eJ“A,u - ZFMVFMV ) (26)

where J# = Yty = (p, J) = (Jo, J) is the 4-vector current of fermion which satisfies

the continuity equation, d,J* = 0, using the Dirac equation governs the fermionic field

[6].

2.2.2 Non-abelian gauge theory

One can furthermore generalize this method by introducing a larger symmetry. This
(so-called) non-abelian transformation can be written as U = exp [—iT*0%(z)], where
T%’s are matrices called generators belong to a particular Lie group and satisfy certain
commutation relation like [T, T] = i f®*“T, where the anti-symmetric constant fe¢
is called the structure function of the group [7]. For an example, a special-unitary Lie
group SU(n) has n? — 1 generators, and the subscripts a, b,c run over 1,--- ,n% — 1.
Following exactly the same procedure as Sec. 2.2.1, one can construct an invari-
ant lagrangian under this transformation. The differences come only from the non-
commutativeness of the generators. This induces 9, — D, = 9, + igT*Aj, and the
non-zero ¢ modifies Eq. (2.4) and the strength tensor F),, to,
Al v, AZ’ = AL+ ;((%Ha) + f“bCQbAZ , (2.7)
Fi, = 0,A% —0,A% — gf*™ AL A (2.8)
where ¢ is a particular coupling constant as before. One then has the non-abelian (NA)
gauge invariant lagrangian that is analoguous to Eq. (2.6),

s s a a 1 a apuv
‘CNA = “,D’Yu(a;ﬂ/’) - m¢'¢)'¢) - g‘] uAp, - ZF;LUF a ) (29)

while J* = ¢y#T%), and this again satisfies the continuity equation 0,J* = 0 as
before. For instance, in the case of SU(3) one knows the quantum chromodynamics
(QCD) to explain the strong interaction by introducing eight gauge bosons called gluons

induced by its eight generators.



2.3 The NS equation from the gauge field theory

In the fluid dynamics which is governed by the NS equation we are mostly interested
only in how the forces are mediated, and not in the transition of an initial state to
another final state as concerned in particle physics. Within this interest, we need to
consider only the bosonic terms in the total lagrangian. Assuming that the lagrangian
is invariant under certain gauge symmetry explained in the preceding section, we have,

1 174 a a
‘CNS = _ZF/.(LII/FGH - gJ '11414/J . (210)

We put an attention on the current in second term. It should not be considered as
the fermionic current as its original version, since we do not introduce any fermion in
our system. For time being we must consider J** as just a 4-vector current, and it is
induced by different mechanism than the internal interaction in the fluid represented
by field A%.. Actually it is not a big deal to even put J* = 0 (free field lagrangian), or
any arbitrary forms as long as the continuity equation 9,J" = 0 is kept.

According to the principle of at-least action for the action S = [d*z Lys, i.e.
0S5 = 0, one obtains the Euler-Lagrange equation,

P OLns  OLxs
b D(onAs) DA

—0. (2.11)

Substituting Eq. (2.10) into Eq. (2.11), this leads to the equation of motion (EOM)
in term of field Af,
Ou(0VAL) — AL + g™ =0 (2.12)

If A, is considered as a field representing a fluid system for each a, then we have multi
fluids system governed by a single form of EOM. Inversely, the current can be derived
from Eq. (2.12) to get,
a 1 12 a a
JH = —58 (8,45 — 9,43) | (2.13)

and one can easily verify that the continuity equation is kept. We note that this
equation holds for both abelian and non-abelian cases, since the last term in Eq. (2.8)
contributes nothing due to its anti-symmetry. Also, this reproduces the relativistic

version of the classical electromagnetic density and current of Maxwell.



The next task is to rewrite the above EOM to the familiar NS equation. Let us first
consider a single field A,. Then the task can be accomplished by defining the field A,

in term of scalar and vector potentials,
AH = (AO, Ai) = (¢> g)
d
(5 17> -V, —dﬁ) : (2.14)

where d is an arbitrary parameter with the dimension [d] = 1 to keep correct dimension

for each element of A,. V = V/(7) is any potential induced by conservative forces. The
condition for a conservative force F' is $dr- F = 0 with the solution F = 6¢. This
means that the potential V' must not contain a derivative of spatial space. We are now
going to prove that this choice is correct.

From Eq. (2.12) it is straightforward to obtain,
0, Ay, — 0, A, = —g%dx,ﬂ]a“ : (2.15)

First we can perform the calculation for ;1 = v where we obtain trivial relation, that is

J* = 0. Non-trivial relation is obtained for u # v,

Different sign in the right hand side merely reflects the Minkowski metric we use. Now
we are ready to derive the NS equation. Substituting the 4-vector potensial in Eq.

(2.14) into Eq. (2.16), we obtain d dyv; + ;¢ = g.J; or,
dOyT+ Vo =gJ, (2.17)

where jl = - §dx0Ji = fdxiJO. Using the scalar potential given in Eq. (2.14), we

obtain,
o ds o = =4
d—+ =V |u|"=VV =gJ. 2.18
ST TV = (218)
By utilizing the identity %ﬁ 5> = (7- V)T + 7 x (V x 0), we arrive at,
ov - 1o z
a—:Jr(??-V)U:EVV—UxJ)Jr%J, (2.19)

where @ = V x 7 is the vorticity. This result reproduces a general NS equation with
arbitrary conservative forces (ﬁV) and some additional forces. This result justifies our

choice for the bosonic field in Eq. (2.14).



Just to mentioned, the potential could represent the already known ones such as,

P(7)/p(T) :  pressure
V() =< Gm/|r] :  gravitation . (2.20)
(v+n)(V-7) : viscosity

Here, P, p,G,v + n denote pressure, density, gravitational constant and viscosity as
well. We are able to extract a general force of viscosity, ﬁVviSCOSﬁy = 776 <ﬁ . 17> +
v <6277) +v (ﬁ X u?) using the identity 6(6 ) = V x &+ V2. This reproduces
two terms relevant for both compressible and incompressible fluids, while the last term
contributes to the rotational fluid for non-zero . This provides a natural reason
for causality relation between viscosity and turbulence as stated in the definition of
Reynold number, R oc v~ 1.
A general NS equation of multi fluids system can finally be obtained by putting the
superscript a back to the equation,
ov*

ot

- 1~ >
(@ V) = YV xQ“Jr%J“, (2.21)

Here the second term in the right hand side is a new force relevant for rotational fluid,
while the last term is due to the current or density of fluid.

We would like to note an important issue here. One can take arbitrary current
forces in the NS equation (Eq. (2.21)), as long as the continuity equation is kept, but
should set a small number for g. This is very crucial since we will use the perturbation
method of field theory to perform any calculation in fluid dynamics starting from the
lagrangian in Eq. (2.10) later on. Taking arbitrary and small enough coupling constant

(9 < 1) is needed to ensure that our perturbation works well.



Chapter 3

Multi Fluid System Using Gauge
Field Theory Approach

This chapter is the main part of the thesis. We describe multi fluids system by mod-
elling such phenomenon as scatterings of multi buch fluid fields. This can be done
by defining the amplitude of such interactions using the Navier-stokes lagrangian de-
veloped in the preceeding chapter in a similar manner as in the elementary particle

physics.

3.1 Feyman Diagram for Fluid System

In the fluid dynamics which is governed by the NS equation we are mostly interested
only in how the forces are mediated, and not in the transition of an initial state to
another final state as concerned in particle physics. Within this interest, we need to
consider only the bosonic terms in the total lagrangian. Assuming that the lagrangian

is invariant under certain gauge symmetry, we have from Eq. (2.10),
1 a a v
Lns = _ZF‘“’F m, (3.1)
Expanding and writing all terms explicitely,

]' 17
LNS = _ZFP?VFG'LL

1
— 10,45 — 0,4, — g ALA[OM AT — 07 AT — g f AT A
]' a a av 124 a, aoc C av 124 Qa,
= = [0u47 = 0,47 (@7 A — 07 A™) + 29 f AL AL (P A™ — P A
+g2fachcamnAZAZAmuAnV] (3.2)

10
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Figure 3.1: Feynman rule for three point interaction.

From these terms, we have the quadratic term which gives the propagator for the field,

i ke
—3 |9+ =) 3

5 (3.3)

Further, the cubic and quartic terms give the interactions for three and four buch fluid

fields,
—2g (9" (k1 — k2)P 4 g7 (ko — k3)* + g"* (ks — k1)"] (3.4)

and,

_g2 [fabefcde (gupgl/A _ gu)\gl/p) +
fadefbce (g,uugp)\ o g,upgl/)\) 4 facefbde (g,u)\gl/p o g,uugp)\)} ) (35)

Clearly, Eqgs. (3.3) ~ (??) provide the Feynman rules for all allowed interactions in the

theory as depicted in Figs. 3.1 and 3.2.

be cd np wr MA ¥p
S I A A A A P T
ace bhde  pPA wp MV pR

PR T LA L L P A ST M o

Figure 3.2: Feynman rule for four point interaction.

11



3.2 Multi Fluids System

In this section, we describe the dynamics of multi fluids system using the NS lagrangian.
Using the allowed interactions in obtained in the previous section, we can model the
hydrodynamics in term of those interactions. This means, we adopt completely the
method which is familiar and used widely in the elementary particle physics. This
model can be justified physically by considering that the fluid dynamics is a a result
of an interaction of fluid fields which is localized at a particular point and ignoring the
fluid states before interacting point. Each fluid is regarded as a separated field. Based
on this scenario, we can calculate the amplitude of multi fluids system interaction, and
then later on interpret and relate it with a real known observable.

As usual, we can rewrite the field in term of its polarization vector as follow,
u = €46 with €, = 5 |o]" =V, —=v | | (3.6)
where k is four-momentum. Of course, the momentum conservation still works, that is

Sk =0 (3.7)

This decomposition yields the completeness relation for the polarization vector as fol-

k. k d 2
AT A v -2 12
A M) = (—guy—l— A“ﬁ) <<§\v| —V) —|v]) : (3.8)

where the sum is over the three polarization states of massive vector fields. The proof

low,

is given in App. A. This is important to deal with the multiplication of external fields

in the amplitude as done in the next section.

3.2.1 Interaction of Three Fluids System Dynamics

Having the Feynman rule at hand, we can use Eq. (3.4) to calculate the amplitude of
3 fluid fields. As written in detail in App. B we have found the transition amplitude
of 3-points to be,

—iMz = =29 [g" (k1 — k2)* + g"P (ko — kz)" + " (ks — k1)’ ALALA, . (3.9)

12



Then, this result can be immediately calculated further to obtain the squared am-

plitude using Eq. (3.8),

|/\/13‘2 = QQ(fabc)z [gw(kl - kz)p + gyp(kz - ks)“ + g“p(ks - kl)yj|

k:l kla kQVk:Zﬁ k:?) k3
(_glwé+ :n% )(_9V5+ m% )(_gpw+ Tll)lgw)

[gaﬁ(kl — ko) + g7 (ko — k3)™ + g*7 (ks — k1)6]
» . dy, .
6112+ V)2 = i) (1l + Va)? = |63

G512+ Va) = [ (3.10)

13



Expanding all terms, we have

M) = g*(f™)? | — (k1 — ko)? — 2(ky — ko) - (ko — k3) — (ko — k3)?
—2(]{31 - k’g) . (k’g - k?l) - (k?g - k?l)Q - 2(]{?2 - k?g) . (k?g - k?l)

by - (ky — ka)ky - (ko — ks)

(ko - (k2 = k3))*

+k%(/{:1 — ky)?

2
m3 + m3 + m3
ki (ki — ko)ky - (ks — k E2(ks — ki)? ki (ko — ks)ky - (ks — k
+21 (ky 2)21 (ks 1)+ 1(32 1) +21 (ko 3)21 (ks 1)
my my my
k2(ky — ko)? ko - (k1 — ko)ko - (ke — k k2(ky — k3)?
+2(12 2) _'_22 (1 2)22 (2 3)+ 2(22 3)
my ma my
ko - (k1 — ko)ko - (ks — k ko - (k3 — kq))? ko - (ko — ks)ko - (ks — k
+22(1 2)22(3 1)+(2(32 1))+22(2 3)ka - (ks 1)
msy msy
ks - (k1 — ko))? kg (k1 — ko)ks - (ke — k k2(ky — kg)?
+(3 (12 2)) n 3+ (k1 2)23 (ko 3)+ 3(22 3)
m3 m3 m3

By (b = k)ks - (ks — k1) K3 (ks — k)

+2 5

N ok - (ks — ks )ky -

ms3

2 2
mg ms3

(k- ko)’ (ks = k) ok - (R — Ks)ks - (hy — o)

mim3 mim3

k(R (ke — K))? o R - Roky - (k1 — ka)ky - (k3 — ki)
mim3 mim3

ACHCERD) o k1 ok - (ko — Ky )ky - (k3 — k1)
mim3 mim3

k(R - (k= k))? o k1 sk - (ko — Ky)ky - (k1 — k)
mim3 mim3

K3 (R (R — Ky))? o R - ksky - (ks — 1)Ky - (k1 — ks)
mim3 mim3

(k1 ks) (ks — k)® ok - ksky - (ks — ks)ky - (ks — ki)

2,72
mims

2,72
mims

ky(ks - (b — K))? o ke - kyky - (kg — ks)ky - (k1 — ks)

mams

mam3

(ko kg2 (ke = ko) k- kgky - (kg — ka)ks - (k1 — ko)

m3ms3

m3ms3

Ck3(ky - (ks —k1))® ok sk - (ks — ki )ks - (ks — ks)

2,2
msms

+(k31 . /{32)2(1{33 . (k?l — k?g))z 4 2]{71 . k?gk}g . k‘gk‘l . (k‘Q — k’g)k‘g . (kl — k’g)

2,2
msms

292 9
mimasis;

(ko - 3)? (K - (k2 — k3))? . oF1 - Kok - sk - (k3 — k1)ks - (k1 — k)

2 92 9
mimains

+
2072002
mimsms

2. 2.9
mimaims

14



+(1€1 “hg)? (ks - (ks — K1))? n oF1 - ksks - kgky - (ks — ka)ks - (ks — ki) ]

201120112 2012012

dy, . do, . ds, .
(G2 + i) = i) (G151 + Va)? = [1) (G161 + Va)? — 13l?)

(3.11)
Taking into account the momentum conservation, Eq. (3.7),
ki+ky+ks=0, (3.12)
we obtain several kinematic relations,
ki ki =mi=piV?
ki (ke —ks) = (03 = p3)V% (k= ke)® = (207 + 205 — p3)V%
ko - (ks — k1)* = (pf — PV (k2 — k3)* = (2p3 +2p5 — p})V?;
ks - (ky = ka)® = (3 — PV (ks — k1)? = (2p1 +2p5 — p3)V?;
1 1
Fuske = S(05 = oY = )V ke (k= ko)* = 537 + 93 = p3) V%
1 1
buks =505 — P — VP ke (ke — Ks)® = (305 + 0§ — D)V,
1 1
ko ks = (0] = 03 = p)V2); ks (hs — ki)* = (305 + o — PV
1
k- (ks — k1)* = §(P§ —p3 = 3p) V%
1
ko - (k1 — k2)* = §(P:15 —pi = 3p3) V%
1
kg - (ke — ks)? = 5(0? —p5 = 3p3)V%
(3.13)
3.2.2 Interaction of Four Fluids System Dynamics
Following the same procedure as done in Sec. 3.2.1, we obtain
—ZM4 — _g2 [fabefcde (gupguA . gu)\gup) +
fadefbce (g;u/gp)\ o g,u,pgl/)\) + facefbde (g,u)\gl/p _ g,uugp)\)} AMAVApA)\ ’ (314)
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for 4-point amplitude. Then, the squared amplitude becomes,

‘M4|2 — g4 { [fabefcde (g,upgu)\ o g,u)\gl/p) 4
fadefbce (guugp)\ _ gupguA) + facefbde (gu)\gup o guugp)\)}

klukla k2yk326
(o) (o5

kj3pk33'y k4)\k40
(o= 5 (o 52)
[fabefcde (goc'ygﬁa _ gaagﬁé) +
fadefbce (ga,@gfyo o ga'ygﬁo) 4 facefbde (gaog,@ﬁ/ o gaﬁg'yo)} }

dy, . dyg, .
(b4 vie - @l ) (21 + vap -

ds, . dy, .
(P4 — k) (Gop+v-mk) . G
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Expanding the result further, we get
ky - kiko - ko — (ky - ky)? N ky - kiks - ks — (ky - ks)?

2 — 4 abe rcde pabe pede )
‘M4‘ g {f feereef ( m%m% m%mg
ko kb ka— (k1 ka2 Ko - koks - ks — (o - Ks)?
+ 2,42 + 2,2
mymy mams
ko - koky - ky — (ko - ky)? ks - ksky - ky — (ks - ky)?
+2 24242(2 4)+23 34;12(3 4)
mamy msimy
Jr2161 s koky - kgko - ks — (k1 - ky(ko - k3)? + ko - ka(ky - k3)?)
m2mam3
Jr2/€1 < koky - kyko - ky — (k1 - k(Ko - /{;4)2 + ko - ko(kq - k4)2)
mimamy
| 2k Rk - haka ko — (ks - Raky - ka)® 4 - Rl - k)?)
mimizmj
| 2k Raka - aka -y — (ks - kalka - ka)® 4 k- Ralka - ks)?)
mimim3

+

2, 2. 92 9
mymamsiny

(kl : kj3k32 : k4)2 + (kl ) k:4k2 : k3)2 - 2(k1 : k3k2 : k4)(k1 : k4k2 : k3))

ki ki — (kb | bk ks — (k- k)

+fadefbcefadefbce (

2,12 2,12

mim; mims

+2k‘1 ik kg — (k- ka)? . o Rz - koks - ks — (ko - k3)?

2,2

2,12

maymy mams
ko - koky - ky — (ko - kq)? k3 - kaky - kg — (k3 - ky)?
+ m2m?2 + m2m?2
aMmy 3Mmy
+2/€1 ~koky - ksko - ks — (/{72 . /{:2(/{:1 . k3)2 + k3 - /{:3(/{:1 . /{:2)2)
mimams
| 2y Koy <Kk -y = (k- R (k- Ka)? + Ry - Ry K)?)
mimamy
| 2y Rk Kk -y = (k- R (K - Ka)? + Ry - (R Ko)?)
mimam;
+2k2 < ksky - kaks - ky — (ks - ks(kg - kg)? + ko - ko(ks - k4)?)
m3m3m3
(b Kk k) + (- Ryl - Ra)® = 20k - Rak - )k <ok - )
mimamams
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+facefbdefacefbce (kl } kle } k;Q _2(]{:1 } k2)2 + le ) klk?) ) k; _Q(kl ) k3)2
mims; miyms

kv - kiky - ky — (ki - ka)? | ko koks - ks — (ko - ks)?
+1 144(1 4)+2 233(2 3)

2,2 2,2
miymy mayms

S Rk by — (s b)® Kol by — (g b’
+ mzm? + mZm?
2Mmy 3Mmy

| 2k kaky - kaky ks — (kB (k- k)? + ey - Bk - ko)?)
mimim;
21 hoky Kby By — (kR a)® + R k(- )?)
mimim;
21 haky - haky By — (k- Ra)® + R (ks - Ra)?)
mim3m;
ey - kigks - kaks - kg — (Ko - ko - kia)? + Ky - ka(ko - k3)?)
mimimy;
n (k1 - hoks - ka)® + (ky - kako - kg)? — 2(ky - koks - ky) (ky - kaks - k‘s))

2. 92 92 9
mymamsiny

+

ky-ko)? —ky - kyks - k ky-ky)? —ky-kiks - k
+2fabefcdefadefbce <( 1 2) mg,nflbg 1h2 2 + ( 1 4) TnQ,rrlL2 1h4 4
11792 174
(k- kig)? — Ky - hoks - by (K - ka)? — K - gk - he
+ 2,012 + 2,012
mams3 m3my
o kol k) = Ky - Kok - Kk - by
200120902
mymams
R Rk - a)? = k- ok - ks - Ry
202092
mymasiny
+/€4 cka(ky - k3)? — ky - ksky - kaks - ks
2020902
mymsiny
Ko ko(ky - ka)? — ky - kghy - ks - by
mimim;
+(l€1 “ksky - kg — ki - kaky - k) (ki - koks - ky — Ky - ksko - k4))

my22mim3m3
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+2fabefcdefacefbde <(k1 : k2)2 _2]{:12' klk? : kQ + (kl : k3)2 _2]{:12' k1k3 : k:3
myms mims
(b - k)2 — ko - ook - ha (kg - ha)2 — Ky - Keska - b
+ m2m2 + m2m2
PARRL 311
(b ho)? — K -k - ks - by
m2mim3
+k?2 < ko(ky - ka)? — k- koky - kaks - ky
mimim;
+k3 ks (ky - ka)? — ky - ksky - kaks - ks
mimim;
e ks ko) — ko -k - ks - by
mimimj
+(k71 “ksko - kg — ky - kaky - k) (ky - kaky - kg — Ky - koks - k)
mimamzmj
+2fadefbcefacefbde <(k:1 : k3)2 _2]{:12' klk:?) . k:3 + (kl : k4)2 _2k12' k1k4 : k4
mims mymy
+(k:2 : k3)2 - kQ : k2k3 : k:3 (k:Q : k:4)2 - kQ : k2k4 : k:4
m2m2 + m2m2
21103 21104
+k33 < kg(ky - ko) — k- koky - kgks - ks
m2m3im3
+k4 cka(ky - ko)? — k- koky - kaksy - Ky
mimim;
(ks b)® = Ky <Kk < Kk - by
mimimj
ko kol - )® — Ko - Kk - ks - by
mimimj
+(k71 “kako - ks — ki - koks - ky) (k1 - koks - ky — Ky - ksko - k4))]
m2mamim?

dy, R do, R
(b4 vie =l ) (2l + var - )
dg ~ 192 9 -2 d4 - 12 2 = |2
(G157 + Va)™ = 657 ) | (5 [8a]” + Va)™ — |44 (3.16)
As a consequence of the momentum conservation,

k1+/€2+/{?3+/{?4:0, (317)
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the following relations hold,

ki

ky -

ko -

ks -

-k

ko

ka

ka

m; =pV?,

1

Zplvlpgvg (v1v9 — 4cosh) V? |
1

1P101P30s (viv3 — 4cosa) V2,

1
—Z(4pf + p1v1pavy (V109 — 4cosh) 4 prv1psvs (vivs — dcosa))V2

1
1 (2001 + p3 + P53 — P3) + Prv1pav2 (V103 — 4cost)

+p1v1p3v3 (V1v3 — deosa)) V2

1
—1(2(/?? + 05— P — pi) + pro1pavs (V103 — deosa))V?

1
—Z(Z(P% + 03— P53 — pi) + pro1pavs (v1vz — deosh)) V. (3.18)
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Chapter 4

Discussion and conclusion

In this chapter we will describe an idea about application of the theory, i.e.the inter-
actions of three or four fluids. Application of this theory can be used to show describe
the observable in a meeting point of river and sea. This means we can model, for
instance the turbuilence, at the point as one fluid coming from the river and the other
two fluids fields scattered away to the sea.

The application of 4-point scattering is much wider [9]. This can be used to deal
with turbulence in any fluid system, nebula for cosmology, dynamics of nano-crystal
and so on. In all cases we can model all appropriate observables as a result of scattering
of 4 homogeneous fields coming into a point.

Finally we have shown that interaction of multi fluids system which is localized
on one fixed point could be counted based on gauge field theory. Further, there is a
special characteristic in the 3- and 4-point interactions. In the case of 3-point there is
no angle dependence at all, while in 4-point case the amplitude depends on two angles

of the directions of external fields.
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Appendix A

Massive vector polarization

In the case of massive vector particle, the wave equation for a particle of mass M for

a bosonic field A,, is written as [6],
(¢""(O* + M?) — 3¥9")A, = 0, (A.1)
We can determine the inverse of the momentum space operator by solving
(" (=K + M) + k" k)™ = 85 (Ag™ + BEE"), (A.2)

for A and B. The propagator, which is the quantity in brackets on the right-hand side
of (A.2) multiplied by 4, is found to be,
i(g" + RV

e (A.3)

We can show that the numerator is the sum over the spin states of the massive particle
when it is taken on-shell, i.e.k* = M?. We first take the divergence, 9, of (A.1), which

makes cancellation to find
M?0"A, =0 thatis, 9"A4,=0, (A.4)

Thus, for a massive vector particle, we have no choice but to take 9" A, = 0. We should
remark that it is not a gauge condition. As a consequence, the equation is reduced to
be,

(O°+ M*A, =0, (A.5)

with free-particle solutions,

, d
A, =€, with ¢, = (5 17> -V, —17) . (A.6)
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The condition in Eq. (A.1) demands,
kte, =0, (A.7)

which reduces the number of independent polarization vector from four to three in a
covariant fashion. For a vector particle of mass M, energy E and momentum k along

the z—axis, the states of helicities A can be described by polarization vectors

1,42
ot = Ol (S -vid) |

V2 2
_ k[,0,0,F) (d
=0 % (5 15 =V, _77) , (A.8)

Therefore the completeness relation is,

kK d 2
AT A v -2 —2
S (oS (G -v) o) o

where the sum is over the three polarization states of massive vector particle.
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Appendix B

Three points amplitude calculation

IMs)? = 92(fabc)2[ M (k1 — k)P 4 9" (kg — ks)! + g (ks — kh)”}
kl,ukla k2uk26 k3pk3'y

(=Gua + N (=9vs + m2 N (=Gpy + 2 )
(970 (s = k)7 =+ 9™ — ) + 9 (ks — )"
o+ i) - i) (Rl + ) - (P)

dy
(G )
d 2 2
(s 157
G2 (f*)? [left x (1) x (2) x (3) x right x scalar]
G2 (f)? [left x (1) x (2) x (3) x (A + B+ C) x scalar] (B.1)

left = [gw(kl — k)P + 9" (ko — k3)" + g (ks — k1)” (B.2)

(1) = (g0 + 252 (2) = (s 2220 (3) = (g +25%) (B

right = (A + B+ C) = |¢*(k — ka)" + 9™ (ks = ks)* + g™ (ks — k1)°|  (B.4)

dy, . dg, ds, .
scalar = (G2 +VA)2 =012 ) (10 +V8) ~ 112 (S Va) | (B.5)
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left x (1) = | = galkr — k2)’ — g7 (k2 — k3)a — gh(ks — k1)"

ki1Vkio (ki — ko)P VPky - (ko — k3)kia  kPk1o (ks — k)Y
+1 1(; 2)+g 1(22 3)1+11(32 1)](B.6)
mi mi mi
left x (1) X (2) = gag(/ﬁ — kz)p + gZ(k:Q — /{Z3)a + gg(/ﬂgg — kl)g
kigkia(ky — ko)? g5k (ke —ks)kia  KPKia(ks — k1)s
mi mi mi
_k?2al€25(l€1 - kQ)p B kigk?w(kQ - k3)a . g§k2 : (ks - k1)k25
m3 m3 m3
By - hakrakas(ky = ko)? Ky (ks — ks)kaakaghs
+ 2.2 + 2.9
mims mims
ks - (ks - kl)kmkwkf ]
B.7
T mg (B1)
left x (1) x (2) x (3) =
[ — Gap(k1 — ka)y — gpy (k2 — k3)a — Gay (k3 — K1)p
kigkio (k1 — k ki (ky — k3)kia  Kkiokis(ks — k
Jr161(12 2)v+gﬁvl(22 3)1+117(?; 1)s
mi mi mi
koo kog(ky — k kogka (ko — k3)g ko - (ks — k1)k
L 25(12 2)7_'_ 25%(2‘2 3) | Jank (32 1)ka2g
ms; ms; m;
by Fakakas(b = ka)y  Rue (ke — ke)kiakaskyy s - (ks — k) Rrakaghss
m2m3 m2m3 m2ma
ks - (k1 — ko)ks~ g ksgks- (ko — k3)o  ksoks~(ks — k
+3(1 22)3w96+3ﬁ3w(22 3)+33w(:; 1)s
m3 m3 m3
_ks (k1 — k2)k1ak ks B ki - (ko — k3)kiaksgks, B ki - kskia(ks — k1) ks,
mim3 m3mj3 m2m}
_ks (k1 — k2)kaakopks, B ko - ks(ka — k3)akapks, B ko - (ks — k1)ksakopks,
m3m3 m3mj3 m3m}
ki - koks - (k1 — ko)kiakogksy ko ksky - (ko — ks)kiakopgks
+ m2m2m?2 + m2m2m?2
mams 1mams3
ki - ksks - (ks — k1)k1akagks,
+ m2m2m?2 ]
imams3
(B.8)
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[ = (bt = F2)? = (g = Ka) - (i — i) = (it — ko) = (ky — )
Rk )k (b =Rk (k= k) ke (= Rk (ks — )

m3 m3 m3
kg(kl — k2)2 ko - (kl — kg)kg . (kg — kg) ko - (kl — kg)kg . (kg — kl)
+ 5] + 5 + 5]
ms; ms; ms;
(ks - (bt — ka))2 ks~ (ki — ko)ks - (ko — ks) ks - (k1 — ko)ks - (ks — k1)
+ 5] + 2 + 5]
ms ms ms
_(lﬁ ko) (ky — ko)? ki Rk (ko — k3)ka - (k1 — k2)
mims; mims;
ko kaky e (ks — ROk O — k) K2k - Oy — )?
mims mim3
- kky Gk — ks (b — k) Rk - (ks — ks - (b — o)
mim3 mim3
ks (k= k) - ksky - (ks — ky)ks - (k1 — k)
m3ms mams
ko - kskg - (ks — ki)ks - (ky — ko) (Kky - ko)?(ks - (k1 — k2))?
B m2m? + m2m2m?
a3 imams
ki - koko - ksky - (ko — k3)ks - (k1 — ko) k1 - koky - kska - (ks — k1)ks - (k1 — k2)
+ m2m2m? + m2m2m?
imams imams

(B.9)
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left x (1) x (2) x (3) x (B) =
— (k1 = ka) - (ko — k) — (ko — ks)® — (kg — k1) - (kg — ks)
+7%'1 (k1 — ko)ky - (ko — k3) n (k1 - (k2 — k3))* n ki - (ko — kg)ki - (k3 — k1)

m3 m3 m3
ko - (kl — kg)kg . (/{:2 — kg) k%(kz . (kg — kg))2 ko - (kg — kg)kg (kg — kl)
+ m2 + m2 m2
5 3 3
ks - (kl — kg)kg . (/{:2 — kg) kg(kz — k3)2 ks - (kg — kg)kg . (kg — kl)
+ 5] + 5] + 2
ms ms mg
ok (b — ks - (B — ky) K3k - (ke — )
mims mims;
oy ok - (ks — )k - (ks — 1) Ry - ks - (K — ko) - (i — ko)
mims mims;
Rk (k= ke))® - hesky - (ke — Rk - (ks — ko)
mim; mim3
ko kgka - (ks — kgks - (ki — ka) (ko ko) (ks — ky)?
mam3 mam3
ke koky - (ks = k0ky - (ka— k) | K- ok - Kok - (ky = Ra)ks - (k1 — ko)
mams3 mimamg
(ky - (ko — k3))? (ko - k3)? Ky - ksko - ksky - (ko — kska - (ks — k1))
+ m2m2m? + m2m2m?
imams 1mams

(B.10)
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left x (1) x (2) x (3) x (C) =

[— (kv — ko) - (ks — k) — (ko — ks) - (ks — k1) — (ks — kq)?
SRk =Rk (ks — k) | K (ke = ko)l (ks — k) | K3 (ky = h)?

m3 m3 m3
ko« (ki — ko)ka - (ks — k1) ko (ko — k3)ka - (ks — k1) = (ko (ks — k1))?
+ 2 + 2 + 2
ms; ms5 o)
ks« (k1 — ko)ks - (ks — k1) n ks - (ko — k3)ks - (ks — k1) k3(k;1 — k2)2
m3 m3 m3
ki koky - (ki — ka)ko - (ks — k1) k- Kok - (ko — k3)ko - (ks — k1)
mims mims
_k%(kQ - (ks — kl))2 B ki - ksky - (ks — k1)ks - (k1 — ko)
mims mims;
ki haky (ke = koks (ks — k) (k- )2 (ks — ko)
mim; mim;
ko kska - (ks — ki)ks - (ki — ko) ko~ ksko - (ks — ki)ks - (k2 — k3)
m3m3 m3m3
kgkz - (ks — k1)2 ki - koky - kgko - (ks — k1)ks - (k1 — ko)
- 2.2 + 2,292
mams mimasim;
ky - ksko - ksky - (ko — kg)ka - (ks — k1) (K1 - k3)?(ko - (ks — k1))?
+ m2m2m? + m2m2m?
1mams 1Mmams3

(B.11)
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left x (1) x (2) x (3) x (A+ B+ C) =left x (1) x (2) x (3) x right =
— (k?l — k?g)Q — 2(]{31 — k?g) . (k?g — k?g) — (k?g — k?g)Q

2k — ko) - (ks — k) — (ks — k1)% — 2(ks — k) - (ks — k1)
Rk =) k- (= Rk (ks = ko) | (k- (ks = ky))?

2
mz o i 2
ok (b= kb (ks — k) | Rk = k) k- (k= Rk - (ks = By)
m3 m3 m3
Bk — ko) | k- (ks = kalka - (ky = ks) | K(ks = ko)’
m3 m3 m3
ko - (k1 — ko)ky - (ks — K ko - (ks — ky))? ko - (ko — k3)ko - (ks — K
+22(1 2)22(3 1)+(2(32 1)) +22<2 3)22(3 1)
(ks - (k= a))® | s (s = Kk - (k= k) | K3(ks — ko)’
m3 m3 m3
3 3 3
ok by = Kok (kg — k) | R3Cks — k) ks (ko — ko)ky - (ks — k)
m32 m3 m32
3 3 3
(B R (k — Re)® 2k1 ckaky - (ky — ka)ko - (k1 — ko)
mims mim3
R ks — k) Kok (= o)k - (i — by)
mim3 mim3
Rk (e — ka))? k- Kk (s — )k - (ks — ki)
mim3 mim3
Rk - O — Ra))? k- Kk (s — )k - (b — ko)
mim3 mim3
k(- (ke — ks))? R - sk - (ks — ks - (K — ko)
mim3 mim3
(k- k)P (ks — ka)? 2k1 cksky - (ko — ka)ks - (k3 — k1)
mimg mimg
RSk - (k= ko)) o R ksk - (ko — ks)ky - (k1 — ko)
m3my m3my
(R k)P (ke — K3)* 2k2 ~ksko - (k3 — ki)ks - (k1 — ko)
m3m3 m3m3
BBk (e — Ka))? ko Kk - (ks — ks - (ks — Ky)
m3m3 m3m3
(ki - ko) (ks - (k1 — ko))? 27%'1 - ok - kaky - (ko — k3)ks - (k1 — k2)
* m2mam3 * m2mam3
1mams3 1Mmam
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+(l€2 “hg)? (K - (ke — k3))® n oFi1 - koky - kaky - (ks — K1)k - (ki — ko)

mim3m3 mimam?
(kv - ks)* (ko - (ks — k1))? ky - ksko - ksky - (kg — kg)ka - (ks — k1)
+ mimims3 2 mma2m? ](B.12)
1mams3 1mams3
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|Ms]? = g2(f)? [left x (1) x (2) x (3) x right x scalar] =
GV [ = by = k)? =200k = k) - (ke = k) = (ks = ko)

—2(ky — ka) - (ks — k1) — (ks — k1)2 — 2(ks — k) - (ks — k1)
A N R R R R B R )

2
mz o 2
by (ky— koky - (ks — k) K2(ks — k)2 ey - (ko — k) - (g — ko)
+2 m?2 += m?2 +2 m?2
1 1 1
k2(ki — ko)? ko (k1 — ko)ks - (ko — k k2(ky — k3)?
+2(122) +22(1 2)22(2 3)+ 2(223)
m3 m3 m3
+2/€2 - (ky — k2)/<2?2 (ks — k1) n (ko - (ks 2— k1))? n 27€2 (kg — ks)lzz (ks — k1)
s (= Ro))® Ry (ks = Kok - (k= k) | K(ks — ko)’
m3 m3 m3
ok by = o)k (ks — k) | R3(ks k0 ks (ko — k)b - (ky — k)
m2 m2 m2
3 3 3
B (ky - ko) (ky — ko)? B 2k1 - koky - (ko — k3)ka - (k1 — ko)
mims mims
R ks = k) Kok (= o)k - (i — by)
mims mims
Rk (ks — k) Kok (s — gk - (s — k)
mim; mims
Rk - O — Ka))? k- Kk (s — )k - (b — ko)
mims mim3
R - (e — Kg))® k- Kk (ks — ks - (b — Ko)
mims mims
_ (ky - k3)? (ks — kq)? _ 27€1 < ksky - (ko — ks)ks - (ks — k1)
mims; mims;
RSk - (k= ko)) ok - ksk - (ko — ks)ky - (k1 — ko)
m3ms; m3ms
_ (kg - k3)*(ko — k3)? _ 2k2 - ksko - (ks — k1)ks - (k1 — ko)
m3m3 mam3
k3(ky - (ks — k1))? ok - ksks - (ks — ki)ks - (k2 — ks)
m3m3 mam3
(k1 - ko) (kg - (k1 — k2))? 27€1 < koko - ksky - (ko — k3)ks - (k1 — ko)
+ m2m2m?2 + m2m2m?2
1mams 1mamsa
(kg - k3)?(ky - (ko — k3))? 27€1 - koky - ksko - (ks — k1)ks - (k1 — ko)
+ m2m2m? + m2m2m?
1mams 1mamsa
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ki - k3)? (ko - (ks — ky))? ky - kskg - ksky - (ko — k3)ko - (ks — K
+<1 3)" (ko - (k3 1))+21 shy - kiky - (ko — k3)ka - (k3 1)]

2. 2.2 2, 2,2
mimasims mimams

dy, . do, . ds, .
(G + 120 = 16i1?) (G + Va)? = ) (Il + Va)? — |sf?)

(B.13)
/{Zl + /{72 + ]i]g =0 (B14)
ki - ki =m; = p?V?
ki (ko — ks)® = (p3 — p3) V> (k1 — ko) = (2p7 + 2p3 — p3)V%;
ko - (ks — k1)* = (pf — PV (k2 — k3)® = (2p5 + 2p5 — pi)
ks - (k1 — ko)? = (p5 — p))V% (ks — k1)* = (207 + 205 — p3)V*;
1 1
ki ko = 5(/)?, —pt =)WV ki (k= ke)? = 5(3/)1 + 05— p3) V%
1 1
ky - ks = §(p§ —pt =PIV ke (ko —k3)? = 5(3p§ +p5 — PV
1 1
ks - ks 5(/)? — 3=V ks (ks —ki)? = 5(3/)3 + 01 — PV
1
ky - (ks — kp)? = §(p§ — p3 — 3p1) V%
1
ko« (b — ko)? = 5(/):15 —pi —3p3)V?
1
kg - (kg — k3)? = §(p? —p3 = 3p3)V;
(B.15)

32



Appendix C

Four points amplitude calculation

|M4|2 — g4 { [fabefcde (gupguA _ gu)\gup) +
fadefbce (g,ul/gp)\ o g,upgz//\) 4+ facefbde (g,u)\gz/p o g,uugp)\)]

klukla k2yk26
(ot ) (o5

k3 k3 k4)\k4a
(o 507) (o +5505)

[fabefcde (ga'ygﬁo gaogﬁ5) +
fadefbce (gaﬁgva gowgﬁa + facefbde (gaagﬁ'y gaﬁgva)] }

(( B2+ 17)? w) PRLERAT w)

(( T2+ V3)? |v3|)<—|v4|2+v4 w)

= g*[left x (1) x (2) x (3) x (4) x right x scalar]

= g*[left x (1) x (2) x (3) x (4) x (A+ B + C) x scalar]

left = [fabefcde (g,upgl/)\ o g,u)\gz/p) +

fadefbce (guugp)\ _ gupgu)\) + facefbde (gu)\gup o guugp)\)]
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k1 ,k1a ko, k
(1) = (=g + Z2502); (2) = (g + 2252,
k?g k?g k4Ak40
(3) = (—gpy + Fookony gy (g gy F2f0), (©3)
Y 2

right = (A+B+C)
_ [fabEfcde (gaﬁg'ya . goz'ygﬁ ) fadefbce ( af 'ya . goz'ygﬁa)
+facefbde (gaag,@ﬁ/ gaﬁg'ya)} (C4)

| s
(<—|v3|2 PV |v3|2) (S +vo? — i
(C.5)

left x (1) =

v v kaa kaka
|:fabefcde(_g )\ga+gpga+g>\ 21 _ovp 1)

my mj
kukla D\ kfkla)

+ fode fhee ( 9 gn+ 970+ 9P === — g 5
m1 mi

+face fbde

left x (1) x (2) =

Y 2
—g"gn + gPgl + gt — g )] (C.6)
my my

kPk kM
abe rcde A P, A MMl p M Ma
[f f <g§gﬁ—ggga—gg 2 + 95 m2

pkg\kglg NGLZY n kP k3 k1 okap B kfk:gkmkw)

« 2 « 2 2,12 2,012
may my mims mimsa

k1gk Kk
ade rbce oA o, A _pANVphla A1l
+F (gaﬁg 9a95 = 9" T

_ haakas ko o gk Rokiakas kf@klakw)

2 a9 2,2 2,2
ms; ) mims mims

/{: k kigk
ace pbde PN . 1 Vla pA V1Mo
f f (gﬁga gaﬁg glg m% +g ml

K ’% +gmkml{?w N kikbkiakos ki kzkmkﬁzﬁ)]

_ga 2 2.9 2.9
m3 m3 m2m3 m2m3
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left x (1) x (2) x (3) =

kiok kM
abe pede [ A A ANMally 1Mo
{f f ( 959y + 98794 + 95 m2 gm—m%
k%‘k:gﬁ \ kapkay k%‘klakggkw k:i\k:mkgﬁkh
t9ay m2 JaT o T T a0 + 22
2 2 1My 1My
)\k;?)ozk:?yy )\k;?)ﬁk?ry )\kl : k3kjlak3'y ki\klak?)ﬁk?yy
+93 m2 7Y 2 L m2m2 + m2m2
3 3 1m3 1m3
_ké\kgakgﬁkg,y n \ Ko - kskogks, n ky - kgké\klakgﬁkM B ko - kgk{‘klakwkg,y
gz e e e
klaklﬁ klakl
4 ade pbce [ A s+ A o A A 2l
e ( 93905 959y T 9 a — 95
ppbaekas B kbbb | Rk
7 m3 T m2 T mim3 m3ams3
+ k§k37 o )\k?;ak?ry N k,?),\klaklﬁk?;’y + )\kl : kBklak?w
Jop m3 I8 m3 m2m? I8 m2ms3
_k??i\kgakgﬁkfgfy k%kjgakggkg,y N k1 - k:gl{:§}l{:1al€25kg7 B kq - k’gk%k’lak}gﬁkgq/
mam3 mams m2mam3 m2mam3
k) ey kiakig
4 face bde [ A+ A ws + 1Vla A Mla
e < 9979 T 95905+ 9on = e 957
)\k2,6’k27 )\k2ak26 ki\klak26k2'y )\kl : kalakZB
B R e R S e
2 2 1My 1My
n \Fagksy B kg\kg,y _ k{\klakggkg»\{ /{;:g\klakmkg,y
a2 af m2 m2m2 m2m2
3 3 1ms3 1ms3
B \ Ko - kskogkss . k?j\kgakggkg,y . ko - kgki\klakgﬁkM B k1 - kzkgkmkwkg,y
g m3m? mEmgm? mdmgm?

(C.8)
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left x (1) x (2) x (3) x (4) =

7(‘0/ (& fcde lavl Y laVlo
ga yg g gOéO'g Y 9 g Y

kZﬁkQU + k25k2'y _'_klakQﬁk:l'kaU klakQﬁkQ'ykla

TR mimy  mim}
B k3ak3'y + k3ﬁk3'y + kl . k;?)k;lak:?yy B kjlakj?)ﬁk?)'yk:la
930 mg Jao mg 930 m%mg m%mg
+k3ak2ﬁk3fyk20 ko kskogksy  Eu - kskiakagksy koo . ko - kskiakogksykio
m3ms “ m2Zm? m2mim3 m2mam3
o Raki | Kiki | Riakikioki ke Kikok
STy T mimi T i)
k:Q : k4k26k4o‘ k4ak25k2'\/k4o‘ k2 ' k4k1ak26kl'\/k4a k:l : k4k31ak325k27k4o‘
tJay m2m2 - m2m2 - 2mEm2 + M2m2m2
aMy oMy 1Moy 1maimy
+kj3ak4ﬁk3vk4a N k4ak3ﬁk3'yk:40 . kl : k;?)klak:4ﬁk:3'yk4a + kl : k4kjlak3ﬁk33wk4a
mimj mimj mimimj mimzmy
kg - kaksakophsikag . ko - ksksakogksykao
mamimy mamzmyi
+/<71 - kska - kakiakoghs kae ki - kaks - Kskiakopksykao
m2mim3m? m2mim3m?
klaklﬁ klakl
+ ade rbce . o — Joo — o + g5, v
e r (g $910 = Jaoliy = Gro o T G0
N k2ak26 + k26k20' kl : kalakQﬁ . klak@ﬁkl'yk@o‘
Ty I Ty T mimg mim3
o k3'yk3o + k3ak3’y + klakl,@k&yk?;o o kl ' k3k1ak3'y
Gap mg 950 mg m%mg 950 m%mg
+k2ak2ﬁk3'yk3o N k3ak26k3fyk20 . kl ' k2k10k25k3’\/k30 + kl : k3k1ak2ﬁk3'yk2o
mim3 mim3 mimams mimam3
k4’yk4a k46k40' klaklﬁk4'yk4a klakllﬁkl'ykéla
—Jap m2 Jary m2 + 22 - m2m2
4 4 1My 1My
kQakQﬁkél'ykéla k2 : k4k26k4o‘ kl : kalak26k4'\/k4a k:Q : k4k31ak325k17k4o‘
+ 22 ~ Yoy 22 - 222 + M2m2m2
oMy 2y 1My 1mammy
k3 - kiksvkio  ksakapksykie k3 - kikiokigksykae | Ky kskiakagksykao
tY9ap m2m2 - m2m2 - T2Tm2m2 + m2m2m2
371y 371y 113y 1y
ks - kakaakophsikas n ko - kaksakogksykao
m3m3m3 m3m3m3
ki - koks - kykiakogksykay ki - ksky - kykiokogksykso
+ m2m2m2m? B m2m2m2m?
1My M3sIy 1M1y

k1o k kiok
ace rbde _ o lalo lavlp
< (gaagm Gas9ye = 957 2 + G0 2

(C.9)
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kZﬁkQ'y kQak25 + klakQﬁkZ'\/kla kl : kalakQB

oo g
m2 v 2

2 my mims I mims3
k3ﬁk3'y k3'yk330 klak?)ﬁk:?yykla klaklﬁk?)'yk?)a
e o + Jap m2 + 22 - m2m2
3 3 1773 1773
ko - kskogksy  kaakopksykse ko - kskiakopksykio . k1 - kokiakapksqkss
o omim3 mym3 mimam3 mim3m3
_ M X M 4 ki - kakiokis _ klaklﬁk4'yk4a
I T T T mim
+k4ak26k27k4a N kQakQﬁkél'ykéla N k:l : k4k31ak325k27k4o‘ + kl ' kalak26k4'\/k4a
m3my m3my mimim} mimimi
k4ak3ﬁk33'yk4a k3 : k4k3'yk:40 kl : k4k1ak3ﬁk33yk4a k:3 : k4k1aklﬁk3wk4a
+W AT m2mim? + m2mim?
31Ty 31Ty 111377y 11131y
k- kskaakophsikag . ks - kikaakapks ks
mym3mj mim3mj
+k1 - kaky - kskiakogksykas k- kaks k4k1ak2ﬁk37k4o):|
m2mim3m? m2mim3m?
(C.10)
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left x (1) x (2) x (3) x (4) x (A) =

[fabefcdefabefcde (2 kl . kle . k22 _Q(kl . k2>2 + kl . k1k3 M ]{;3 _Q(kl . k3)2
kb k= (k) ke kaky ks = (- o)?
2002 2042
ko - koky - ky — (ko - ky)? ks - ksky - kg — (ks - kq)?
+ 2002 + 2 2042
maiy m3iy
L2k By = (b (k- ks)? + Byl - Ks)?)
mimam3
+2]€1 “koky - kako - ky — (k1 - ky(ka - ka)? + ko - ko(ky - ky)?)
mimsmj
| 2o gy kg -y = (hy gy ko) 4 - Ryl g)?)
m2m3im3
+2/{?2 kgksy - kyks - ky — (ks - kg(ks - /{Z4)2 + ky - ky(ks - /{?3)2)
mimim}
U gk ) 4 (ks Kk « g)? — 2k - ks - )b - ks - o)
mimamamj
_'_fabefcdefadefbce (kl ) k2)2 — k1 kiks - ko + (kl } k4)2 — k1 - kiky - kg
mims mimj
+(1€2 - k3)? — ko - koks - ks n (ks - ka)? — ks - kska - ky
2002 2042
mams maimy
R kol ho)? = by - ok - ks - Ky
m2m2m2
17792073
+k1 ki (ko - ka)? — Ky - koky - kaks - Ky
mimimj
+7€4 cka(ky - k3)® — ky - ksky - kaks - ky
mma2m?
17793174
ko )® — ko - ks - ks - Ky
mimim;
+(7€1 “ksky - ky — ki - kyko - k3)(Ky - koks - ky — ki - ksky - ky)
my22m3m3m3
_'_fabefcdefacefbde (kl } k2)2 - kl : klk? : kQ + (kl : k3)2 B kl : k1k3 : k:3
m2ms3 m2m?
+(1€2 < ky)? — ko - koky - ky n (ks - ka)? — ks - kska - ky
m? im?
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ki - ki (ko

ck3)? — oy - Kok - esky -

ko - ka(ka

2 2 9
mymsms

k)2 — oy - Kook - ks -

ks - ks(k

2,22
mimamy

~ka)? = k- gk - Kaks -

Fa - ka(kz

2. 2.2
mimsimny

: k3)2 - k2 ) k3k2 : k4k3 :

k1 - ksko

2,722
msmsmy

cka = k- kaks - k3) (K

mimsmsmi
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left x (1) x (2) x (3) x (4) x (B) =

|:fabefcd6fadefbce (kl ’ k2)2 - kl “kiko - K
i ko ko (ky-ke)? —Fk
(ko - k3)? mims * o
O 3)2 — ko - koks - ks (kg - ky)? i
T G 4)° — ks - ksky - ky
2
—l—kZ cko(ky - k3)? — ky - koky - ksko - K s
- ksks -
- mimams —
+ 1° 1(k2 : k4)2 - kl : k:Zk:l : k:4k2 : k
- mimamj :
+ 4 " 4(k1 ) k3)2 - kl : k:Bk:l ) k4k3 ) k
) mimzmj :
Ky Rk - ka)® = o - Kk - ks -k
m3am3im3 —
Uy kaky kg — Tk
L Kaks - kea) (- koks - ey — ko - Kk
+fadefbcefadefbce (kl : klk? : k2 - (kl : k2)2 ki -k
k mim3 + = thy - ks — (k- ky)®
ok k= (kR Rk s
B
Ko kaky ko= (ko) Ry -k o
m%mi + 3" 3k4 : k4 - (k?) : k4)2
2k - koky - o
+ 1+ K2Ry ksk?Q'k?,—(k?Q‘k?Z(kl‘k )23 4
: 3 +k:3-k:3(k:1-k:)2)
_— mimsms; 2
+ 1 le : k4k:2 : k: -
2 — (k1 - k(s - K2
1)7 4 k- ka(ky - k )2
” m2mam3 2
N 1 kaky - kaks - ks — (k '
4 (1'k1<k3'k>2
: D2+ k- Ea(ky - ky)?
” m2mims -
N o+ ksko - kaks - kg — (K '
2 — (ks - ks(ks - ka)?
m%QOQ 2t k2<k3 . k4)2)
+(/{:1 - koks - k4)2 + (ky - ksks - /?; )24
02— 2k - koks - k) (1
mim3zm3ams; —— k4))
ade rbce race : :
+ fade fbee pace fbde ((kl k3)? — ki - kiks - ks (k1 ka)?
(k: k 2 m%m% " 1 4) . kl ‘ k1k4 ‘ k4
G 3)2 — ko koks - ks (ko - k) i
m%mg + 2 4) - k:Z : k2k4 : k4
ks - ks(ky - ko)? e
+ 3( 1 kQ) - kl : k:Zk:l ) k:3k2 ) k3 o
mimams;
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+k4 “ka(ky - k) = ky - oky - kaky - by

mimamj
ky - ky(ks - k4)2 — ky - ksky - kaks - ka
+ 2.2 9
mimsiny
ko - ko(ks - k4)2 — ko - ksko - kaks - ka
+ 2. 2.2
mamsimy
+(kl “kako - ks — Ky - koks -27642(%; : §2k3 kg —ky - ksky - k4))} (C.12)
mymam3zmy
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left x (1) x (2) x (3) x (4) x (C) =

(k1 ko)’ — by Kby ks | (b h) = h By -y

|:fab6fcdefacefbde (

mims mimj
(k- ka)? — ko - koka - ka (ks - ka)? — ks - kgha - ko
* mam3 * m3m3
R bk ko) — k- gl - ks - by
mimamg
ko bk - a)? — k- ok - ks - by
mimamj
+k3 kg (ky - ka)? — Ky - ksky - kaks - Ky
m2mim3
+7€4 cka(ko - k3)? — ko - ksko - kaks - ky
mimim;
+(7€1 “ksky - ky — ki - kako - kg) (k1 - kako - ks — Ky - koks - /f4))
2020902002
mimamsiiy
ky-ks)? —ky-kiks -k ky- k)2 —ky-kiky - k
_'_fadefbcefacefbde (( 1 3) m%n}% 1h3 3 + ( 1 4) m%n}ﬁ 1h4 4
(o - ks)? — ky - koks - kg (ko - ka)? — ko - koka - ks
i m3m3 i m3m?
Ko Kok o) — k- Fghy - ks - by
mimamg
R Rk - k2)* = Ky Kok Kk - Ky
mimimj
+k1 ki (ks - ka)? — Ky - ksky - kaks - kg
mimim;
+7€2 s ko(ks - ka)? — ko - ksko - kaks - ky
mimim;
+(7€1 “kaky - ks — ky - koks - kg) (k1 - koks - kg — Ky - ksky - ky)
mimimami
ky - kiky - ko — (ky - ko)? ky - kyks - ks — (ky - ks)?
_'_facefbdefacefbce< 1 1h2 m;ﬂg( 1 2) 49 1 1 3m%3m§( 1 3)
by ik ks — (By - ka2 o - oky - Ky — (Ko - ky)?
! i ! 3
Ry - ok - kg — (ky - k)2 Feg - gy - by — (ki - koy)?
_'_2 2,42 + 2,42
mamy m3my
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%_le-

kaky

- ksksy

e — (bt - R (R - k) + Ky - Ra(ky - k2)?)

2k -

koky

- kyko

2,120 2

kg — (kg - ka(ky - k4)2*+'k4' ky(ky - k2)2)

- ksky

- kyks

2 2 9
mimaniy

<k — (ks - ka(ky - ka)? 4 Ky - by (ks - ky)?)

- ksko

- kyks

2, 2.9
mimsmny

iy — (Ko - ko(ky - ka)2 + Ky - ka(ko - ks)?)

. k2k3 .

2,120 2

k4)2 + (kl : k4k2 . ]{Z3)2 — 2(/{71 . /{?2/{?3 . ]{Z4)(l{?1 . /{?4]€2 . ]i)g)

mimsmsmi
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left x (1) x (2) x (3) x (4) x (A+ B+ C) =left x (1) x (2) x (3) x (4) x right =

ky-kiky - ko — (ky - ko) ky-kiks - ks — (ki - k3)?
|:fab6fcdefabefcde (2 1 172 22 2( 1 2) + 1 13 ;5 2( 1 3)
myms; mims
+7€1 Kk kg — (k- ka)? n ko - koks - ks — (ko - k3)?
mim? mims3
11794 2113
By ok by = (b h)® ks bk by — (b b’
+ mim? + mam?
21704 31144
L2y bk By — (b (k- ks)? + byl - £)?)
mimamg
+2k:1 : kal : k:4k:2 : k:4 - (kl : kl(k:Z . k:4)2 + ij ° kZ(kl ) k4)2)
mimimj
L2y Ry = (g Rl )+ B Rl )
mimim}
| 2ha gy kg o = (hy (k)2 + - Ryl - )?)
mimim}
_'_(kl - ksks - k4)2 + (ky - kyks - k3)2 — 2(ky - ksko - ky)(ky - kyko - k3)
mimamamj
ky - kiky - ko — (ky - ko)?  ky-kiks - ks — (ki - k3)?
_,_fadefbcefadefbce( 1 1h2 mgm%< 1 2) + 1 173 m§m§< 1 3)
2k31 ckiky - ky — (k- ka)? 2k2 ckoks - kg — (ko - k3)?
i m2m? * m3m3
By - ook ba— (ko - ka)2 g - gy - ba — (ks - )’
+ m2m2 + m2m2
21704 3114
2ok Ry — (k- Rall o)+ By Rl F)?)
mimsm3
| 2yl ks = (ks k) 4 - (- a)?)
mimzmyi
+2/{?1 “ksky - kyks - ky — (k1 - k(K3 - /{Z4)2 + ky - ky(Ky - k3)2)
mimim}
| 2ha gy ks i = (hy (k) + - ol - )?)
mimim}
U bk ) 4 (ks Kk + )® — 20k Kk - ) - ok - )
mimamimj
ky - kiks - ko — (ki - ko)? ky - kiks - ks — (ky - k3)?
_'_facefbdefacefbce < 1 1h2 mgm%( 1 2) 49 1 13 m%”mg( 1 3)
ky - kiky - ko — (ky - ka)? ko - koks - ks — (ko - k3)?
+ m2m2 + m2m2
11794 21703
Qkfz ckoky - ky — (ko ka)? kg kaky - kg — (k3 - ka)?
+ mam3 + mam2
PARRL 31144
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21 haky - haky By — O h (k- Ba)® + B Rk - o))

m2mams
+2k1 - koky - kako - ky — (Ko - ko(ky - k?4)2 + kg - ky(ky - k;2)2)
mimzms
2k oy Kaky - ky = (ky - Rk - k)* 4+ by - R Gk - k)
mimam;
Jr2162 < ksky - kaks - ky — (ko - ko(ka - ka)? + ky - ka(ka - k3)?)
m3mam;
+(/{;1 - koks - /{:4)2 + (ky - kyks - k3)2 — 2(ky - koks - ky)(ky - kaks - k3)
m2mim3m?
+2fabefcdefadefbce ((kl ! k2)2 _2]{;12' klk? ! k2 + (kl ) k4)2 _2]{;12' k1k4 ) k4
mims mymy
(ko - kg)? — ko - koks - ks (ks - ka)® — k3 - kska - ky
+ m2m2 + m2m2
23 371y
+k72 “ko(ky - k3)? — ki - koky - ksko - ks
2, 2.9
mymasing
+k:1 < ky(ko - k:4)2 — ki - koky - kyko - ky
2 92 9
mimaniy
Jr14:4 ky(ky - k:3)2 — Ky - ksky - kaks - ky
2, 2.9
mimsny
+1€3 ckg(ka - ka)? — ko - ksko - kaks - ky
mam3im3
Jr(/ﬁ ksko - ky — ki - kaky - kg)(ky - koks - ka — Ky - ksko - k4))
mq22m2mim?
1 23y
+2fabefcdefa06fbde ((kl ) k2)2 _2k12' kiks - ko + (kl } k3)2 _2k12' k1k3 } k3
mim; myms3
(ko - k4)2 — ko - koky-ky  (k3- k4)2 — k3 - ksky - ky
+ m2m2 + m2m2
21y 31y
+k:1 < ky(ko - k:3)2 — Ky - koky - ksko - ks
2, 2.9
mymasing
+k:2 < ko(ky - k:4)2 — ki - koky - kyko - ky
2 92 9
mimaniy
+1€3 ks(ky - ka)? — ki - ksky - kaks - ky
2, 2.9
mimsny
Jr/<74 ckg(ky - k3)? — ko - ksky - kaks - ky
m3mam;
Jr(/ﬁ “ksko - ka — ki - kaky - k) (ky - kaky - ks — Ky - koks - ka)
m2mim3m?
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+2fadefbcefacefbde<
ko - k3)? — ko - koks - k ko - ka)? — ko - koky - k
+(2 3) 2 23 3+(2 4) 2 24 4

(k1 - ks)* = by Kby ks | (kb = by bk

ky

2,012

mams

ks - ks(k
+3 3(1

2,12

“ka)? = k- kb - ksky - ey

Jrl€4 AT

2, 2. 2
mimasm;

ko)? — ky - koky - kyky - Ky

ey - Ky (k
+1 1(3

2, 2.9
mimamny

k) — ky - ksky - kaks - ky

2,12092

“ka)? = ko - kgha - kaks - Ky

ko - ko(k
+2 2(3

m3am3im?

ks — ki - koks - ky) (k1 - koks - ka — k1 - kzho - ky)

mammy

ky - k4k
+(1 1Ko

292 92 9
maymsmsiny
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IMy* =

Fikaky ko — (kb | ks ks — (- K)?

g4 [fabefcdefabefcde (2 — .

kv - kiky - ky — (ki ka)? | ko koky - ks — (ko - ks)?
+1 144(1 4)+2 233(2 3)

m2m? m3m?
+k72 ckoky - kg — (ko - ky)? n 2k3 cksky - kg — (kg - ka)?
mam; m3m;
2ky - koky - ksko - k3 — (ky - ky(ka - k3)? + ko - ko(ky - k3)?)
N mm3m?
Uy - kioky - Kk -k — (- (ko - ka)® + Ko - Kok - ka)?)
N nm3m?
2ky - kaky - kaks - Ky — (/{73 . /{;3(/{:1 . /{?4)2 + ky - /{;4(/{:1 . /{:3)2)
N mm3m?
Uy - kg - Kk - ka — (kg - kg (ko - ka)? + K - ka(ks - ks)?)
" mimim?
(ky - ks - k)? + (kr - haks - g)? — 2(ky - ks - k) (ks - kaks - ks)
i mimgmim?
+fadefbcefadefbce kl ) kle ) ka - (kl ) k2)2 + kl : k1k3 : k:3 - (kl : k3)2
mims mims
+2k1 kg - kg — (Ky - ky)? n 2]€2 < koks - ks — (kg - k3)?
mim; m3m3
+k72 ckoky - kg — (Ko - ky)? . ks - kaky - kg — (kg - ky)?
mamj mam;
2ky - koky - k3ko - k3 — (/{72 . /{;2(/{:1 . /{?3)2 + k3 - /{;3(/{:1 . /{:2)2)
N mm3m?
Uy - oy - Kk -k — (- (ko - ka)? + K - ka(kt - k2)?)
N mm3m?
+2k1 ~ksky - kaks - kg — (/{71 . /{:1(/{:3 . /{?4)2 + ky - /{;4(/{:1 . /{:3)2)
mim3m3
2k - kaks - kaks - ky — (k3 - kg(ka - ka)? + ko - ko(ks - k4)?)
i mm3m?
Uy ) o (b Kok - ky)® = 20k Koy - k) (ks - Raka m))
2.9 92 2
mimamsziny
ki - kiky - ko — (k1 - ko)? ki kiks - ka — (ki - k3)?
+facefbdefacefbce < 1 172 msmz( 1 2) +9 1 13 mSmQ( 1 3)
im; ims
SR kb k= (ke ka? ok k= (ke ko)?
mimjg mam3
+2]€2 ckoky - ky — (ko - kq)? + ks - ksky - kg — (kg - kq)?
mam3 m3ms
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| 2k Rk - Rk - Ry = (ky -k (R - ka)® + by - k(R - ka)?)

mimzms;
+2k1 < koky - kyko - ky — (Ko - ko(ky - k?4)2 + kg - ky(ky - kz)z)
mimzms
2k - hohy - kaky ko = (ky - Kok ko)? 4+ by - R (ks - ka)?)
mimam;
+2k2 < kgky - kyks - ky — (ko - ko(ks - /{:4)2 + kg - ky(ks - k3)2)
mam3im3
Jr(/’{:1 - koks - /{:4)2 + (kq - kyks - /{;3)2 — 2(ky - koks - ky)(ky - kyks - k3)
mimsmam;
+2fabefcdefadefbce ((kl : k2)2 _2k12' klk? : k2 + (kl : k4)2 _2k12' k1k4 : k4
mims mymy
(ko - kg)? — ko - koks - ks (ks - ka)® — k3 - kska - Ky
+ m2m2 + m2m2
23 371y
+1€2 “ko(ky - k3)? — ki - koky - ksko - ks
2, 2.9
mymasing
+k:1 < ky(ko - k:4)2 — ki - koky - kyko - ky
2 92 9
mimaniy
Jrk:4 ky(ky - k:3)2 — Ky - ksky - kaks - kg
2, 2.9
mimsny
Jr/’{:3 - kg (ks - /{;4)2 — ko - ksko - kyks - ky
mam3im3
Jr(/ﬁ ksko - ka — ki - kaky - kg)(ky - koks - ka — Ky - ksko - k4))
mq22mamim?
1 231y
+2fabefcdefacefbde ((kl ) k2)2 _2k12' kiks - ko + (kl } k3)2 _2k12' k1k3 } k3
mim; myms3
(ko - /{;4)2 — ko - koky-ky  (k3- /{;4)2 — k3 - ksky - ky
+ m2m2 + m2m2
21y 31y
+k:1 <k (ko - k:3)2 — Ky - koky - ksko - k3
2 92 9
mimsams
+k32 < ko(ky - k:4)2 — ki - koky - kyko - ky
2, 2.9
mimany
+1€3 ks(ky - ka)? — ki - ksky - kaks - ky
2, 2.9
mymsny
Jr/<74 ckg(ky - k3)? — ko - ksky - kaks - ky
2, 2.9
mamsginy
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+(l€1 “ksko - ky — ky - kako - k3)(ky - kaks - ks — Ky - koks - ky)
mimimimj
+2fadefbcefacefbde <(k:1 : k3)2 _2]{:12' klk:?) : k:3 + (kl : k4)2 _2k12' k1k4 . k4
mims mimy
(ko - k?3)2 — ko - koks - ks (ko- k?4)2 — ko - koky - k4
+ 2.2 + 2.2
mams mammy
+k3 - ks(ky - k?g)z — Ky - koky - ksko - ks
m2m2m?2
1mams3
+k4 < ky(ky - /{;2)2 — ki - koky - kyko - ky
m2m2m?
1mamy
+k1 <k (ks - /{;4)2 — Ky - ksky - kaks - ky
m2m2m?
13y
+/€2 ka(ks - ka)? — ko - kgka - kaks - ky
m2m2m?2
2M3MYy
+(l€1 “kyko - ks — ky - koks - kq)(ky - koks - kg — Ky - ksko - ky)
mimamimj

dy, . dsg, .
(b4 vie = @l ) (2l + vapr - )

ds, . dy, .
(e +vir = @) (e + v - 4 (©.15)
= mi=piV%
1

= Zplvlpgvg (v1v9 — 4cosh) V'

1

= = p1v1p3vs (v1vg — deosa) V2,

4

1
= —Z(4p% + prv1pavs (V1v3 — 4cosh) 4 prvypsvs (vivs — 4cosa)) V'

1
= — (2(03 + p3 + P53 — p3) + p1v1pavs (V1ve — 4cost) + prv1psvs (V103 — deosar)) V?
1
—1(2(/)% + 03— P — pi) + pro1psvs (V1vs — deosa))V?
1
—1(2(,0% + 03— p3 — pi) + pro1pavs (v1vs — deosh))V? (C.17)
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