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Abstract

Recently, a new approach to deal with the Navier-Stokes equation has been devel-

oped. The equation which governs the fluid dynamics is a a non-linear one and then

generally unsolvable. In the new approach, the fluid dynamics is described using the

relativistic gauge invariant bosonic lagrangian which could reproduce the Navier-Stokes

equation as its equation of motion through the Euler-Lagrange principle. Based on the

lagrangian we model the fluid dynamics phenomenon as scattering of either three or

four fluid bunches represented by the gauge field Aµ = (φ, ~A) ≡
(
d
2
|~v|2 − V,−d~v

)
with

~v is velocity and d is a parameter to adjust the dimension for any potential V . Further

we present all relevant Fynman rules and diagrams, and also provide complete calcu-

lations for all vertices induced by three and four fluid fields interactions.

References: 38 (1985-2003)
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Chapter 1

Introduction

1.1 Background

The understanding of fluid dynamics like hydrodynamic turbulence is an important

problem for nature science, from both, theoretical and experimental point of view,

and has been investigated intensively over the last century. However a deep and fully

comprehension of the problem remains obscure. Over the last years, the investigation

of turbulent hydrodynamics has experienced a revival since turbulence has became a

very fruitful research field for theorists who study the analogies between turbulence and

field theory, critical phenomena and condensed matter physics , renewing the optimism

to solve the turbulence problem. The dynamics of turbulent viscous fluid is expressed

by the Navier-Stokes (NS) equations of motion, which in a vectorial form is a fluid flow

described by,
∂~v

∂t
+ (~v · ~∇)~v = −1

ρ
~∇P − ν ~∇2~v , (1.1)

where ~v is the velocity field, P is pressure, ρ is density and ν is the kinematic viscos-

ity. The equation of continuity reduces to the requirement that the velocity field is

divergenceless for incompressible fluids,

~∇ · ~v = 0 . (1.2)

In this context,

the hydrodynamic turbulence has attracted an enormous interest due to the univer-

sal characteristics stressed by an incompressible fluid with high Reynolds numbers in

the fully developed turbulent regime. The Reynolds number, R = L/U . (where L is the
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integral length-scale of the largest eddies and U is a characteristic large-scale velocity),

measures the competition between convective and diffusive processes in an incompress-

ible fluid described by the NS equations. In view of this, the incompressible fluid flow

assumes high Reynolds numbers when the velocity increases and, consequently, the

solution for Eq. (1.1) becomes unstable and the fluid switches to a new regime of

a very complex motion with the velocity varying almost randomly and without any

noticeable order. To discover the laws describing what exactly is going on with the

fluid in this turbulent regime is very important to both theoretical and applied science.

Recently, A. Sulaiman and L.T. Handoko proposed an alternative approach to treat

fluid dynamics [1]. In the fluid dynamics which is governed by the NS equation we are

mostly interested only in how the forces are mediated, and not in the transition of an

initial state to another final state as concerned in particle physics. Based on lagrangian

density Navier-stokes gauge field theory, they describes the dynamical of interactions

multi fluids system like on particle physics.

LNS = −1

4
F a
µνF

aµν − gJaµAaµ . (1.3)

In this thesis , we make a further investigation of the physical contents present in that

theory, in order to furnish a better understanding of fluid dynamics.

1.2 Overview

This theses is organized as follow. The introduction and background of the problem

are given in chapter one. Then the theoretical basic of this thesis, i.e.constructing the

Navier-stokes equation from gauge field theory, will be described in chapter two. The

main part is presented in chapter three. The discussion will be given in chapter four.

The last chapter is devoted for summary.
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Chapter 2

Navier-Stokes Equation From
Gauge field theory

In this chapter we will construct the Navier-Stokes equation from first principle using

relativistic bosonic lagrangian which is invariant under local gauge transformations. We

show that by defining the bosonic field to represent the dynamic of fluid in a particular

form, a general Navier-Stokes equation with conservative forces can be reproduced

exactly. It also induces two new forces, one is relevant for rotational fluid, and the

other is due to the fluid’s current or density. This approach provides an underlying

theory to apply the tools in field theory to the problems in fluid dynamics.

2.1 Introduction

The Navier-Stokes (NS) equation represents a non-linier system with flow’s velocity

~v ≡ ~v(xµ), where xµ is a 4-dimensional space consists of time and spatial spaces,

xµ ≡ (x0, xi) = (t, ~r) = (t, x, y, z). Note that throughout the paper we use natural

unit, i.e. the light velocity c = 1 such that ct = t and then time and spatial spaces

have a same dimension. Also we use the relativistic (Minkowski) space, with the

metric gµν = (1,−~1) = (1,−1,−1,−1) that leads to x2 = xµxµ = xµgµνx
ν = x2

0− x2 =

x2
0 − x2

1 − x2
2 − x2

3.

Since the NS equation is derived from the second Newton’s law, in principle it

should be derived from analytical mechanics using the principle of at-least action on

the hamiltonian as already done in several papers [2]. Some papers also relate it with

the Maxwell equation [3]. The relation between NS and Maxwell equations is, however,
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not clear and intuitively understandable claim since both equations represent different

systems. Moreover, some authors have also formulated the fluid dynamics in lagrangian

with gauge symmetries [4]. However, in those previous works the lagrangian has been

constructed from continuity equation.

Inspired by those pioneering works, we have tried to construct the NS equation

from first principle of analytical mechanics, i.e. starting from lagrangian density. Also

concerning that the NS equation is a system with 4-dimensional space as mentioned

above, it is natural to borrow the methods in the relativistic field theory which treats

time and space equally. Then we start with developing a lagrangian for bosonic field

and put a contraint such that it is gauge invariant. Taking the bosonic field to have

a particular form representing the dynamics of fluid, we derive the equation of motion

which reproduces the NS equation.

2.2 Gauge invariant bosonic lagrangian

In the relativistic field theory, the lagrangian (density) for a bosonic field A is written

as [6],

LA = (∂µA)(∂µA) +m2
AA

2 , (2.1)

where mA is a coupling constant with mass dimension, and ∂µ ≡ ∂/∂xµ. The bosonic

field has the dimension of [A] = 1 in the unit of mass dimension [m] = 1 ([xµ] = −1).

The bosonic particles are, in particle physics, interpreted as the particles which are

responsible to mediate the forces between interacting fermions, ψ’s. Then, one has to

first start from the fermionic lagrangian,

Lψ = iψγµ(∂µψ)−mψψψ , (2.2)

where ψ and ψ are the fermion and anti-fermion fields with the dimension [ψ] = [ψ] =

3/2 (then [mψ] = 1 as above), while γµ is the Dirac gamma matrices. In order to

expand the theory and incorporate some particular interactions, one should impose

some symmetries.
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2.2.1 Abelian gauge theory

For simplicity, one might introduce the simplest symmetry called U(1) (abelian) gauge

symmetry. The U(1) local transformation1 is just a phase transformation U ≡ exp [−iθ(x)]

of the fermions, that is ψ
U−→ ψ′ ≡ U ψ. If one requires that the lagrangian in Eq.

(2.2) is invariant under this local transformation, i.e. L → L′ = L, a new term coming

from replacing the partial derivative with the covariant one ∂µ → Dµ ≡ ∂µ + ieAµ,

should be added as,

L = Lψ − e(ψγµψ)Aµ . (2.3)

Here the additional field Aµ should be a vector boson since [Aµ] = 1 as shown in Eq.

(2.1). This field is known as gauge boson and should be transformed under U(1) as,

Aµ
U−→ A′µ ≡ Aµ +

1

e
(∂µθ) , (2.4)

to keep the invariance of Eq. (2.3). Here e is a dimensionless coupling constant

interpreted as electric charge later on.

The existence of a particle requires that there must be a kinetic term of that particle

in the lagrangian. In the case of newly introduced Aµ above, it is fulfilled by adding

the kinetic term using the standard boson lagrangian in Eq. (2.1). However, it is easy

to verify that the kinetic term (i.e. the first term) in Eq. (2.1) is not invariant under

the transformation of Eq. (2.4). Then one must modify the kinetic term to keep the

gauge invariance. This can be done by writing down the kinetic term in the form of

anti-symmetric strength tensor Fµν [5],

LA = −1

4
FµνF

µν , (2.5)

with Fµν ≡ ∂µAν − ∂νAµ, and the factor of 1/4 is just a normalization factor.

On the other hand, the mass term (the second term) in Eq. (2.1) is automatically

discarded in this theory since the quadratic term of Aµ is not invariant (and then not

allowed) under transformation in Eq. (2.4). In particle physics this result justifies the

interpretation of gauge boson Aµ as photon which is a massless particle.

1The terminology “local” here means that the parameter θ is space dependent, i.e. θ ≡ θ(x). One
needs also to put a preassumption that the transformation is infinitesimal, i.e. θ � 1.
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Finally, imposing the U(1) gauge symmetry, one ends up with the relativistic version

of electromagnetic theory, known as the quantum electrodynamics (QED),

LQED = iψγµ(∂µψ)−mψψψ − eJµAµ −
1

4
FµνF

µν , (2.6)

where Jµ ≡ ψγµψ = (ρ, ~J) = (J0, ~J) is the 4-vector current of fermion which satisfies

the continuity equation, ∂µJ
µ = 0, using the Dirac equation governs the fermionic field

[6].

2.2.2 Non-abelian gauge theory

One can furthermore generalize this method by introducing a larger symmetry. This

(so-called) non-abelian transformation can be written as U ≡ exp [−iT aθa(x)], where

T a’s are matrices called generators belong to a particular Lie group and satisfy certain

commutation relation like [T a, T b] = if abcT c, where the anti-symmetric constant f abc

is called the structure function of the group [7]. For an example, a special-unitary Lie

group SU(n) has n2 − 1 generators, and the subscripts a, b, c run over 1, · · · , n2 − 1.

Following exactly the same procedure as Sec. 2.2.1, one can construct an invari-

ant lagrangian under this transformation. The differences come only from the non-

commutativeness of the generators. This induces ∂µ → Dµ ≡ ∂µ + igT aAaµ, and the

non-zero f abc modifies Eq. (2.4) and the strength tensor Fµν to,

Aaµ
U−→ Aaµ

′ ≡ Aaµ +
1

g
(∂µθ

a) + f abcθbAcµ , (2.7)

F a
µν ≡ ∂µA

a
ν − ∂νAaµ − gf abcAbµAcν , (2.8)

where g is a particular coupling constant as before. One then has the non-abelian (NA)

gauge invariant lagrangian that is analoguous to Eq. (2.6),

LNA = iψγµ(∂µψ)−mψψψ − gJaµAaµ −
1

4
F a
µνF

aµν , (2.9)

while Jaµ ≡ ψγµT aψ, and this again satisfies the continuity equation ∂µJ
aµ = 0 as

before. For instance, in the case of SU(3) one knows the quantum chromodynamics

(QCD) to explain the strong interaction by introducing eight gauge bosons called gluons

induced by its eight generators.
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2.3 The NS equation from the gauge field theory

In the fluid dynamics which is governed by the NS equation we are mostly interested

only in how the forces are mediated, and not in the transition of an initial state to

another final state as concerned in particle physics. Within this interest, we need to

consider only the bosonic terms in the total lagrangian. Assuming that the lagrangian

is invariant under certain gauge symmetry explained in the preceding section, we have,

LNS = −1

4
F a
µνF

aµν − gJaµAaµ . (2.10)

We put an attention on the current in second term. It should not be considered as

the fermionic current as its original version, since we do not introduce any fermion in

our system. For time being we must consider Jaµ as just a 4-vector current, and it is

induced by different mechanism than the internal interaction in the fluid represented

by field Aaµ. Actually it is not a big deal to even put Jaµ = 0 (free field lagrangian), or

any arbitrary forms as long as the continuity equation ∂µJ
aµ = 0 is kept.

According to the principle of at-least action for the action S =
∫

d4xLNS, i.e.

δS = 0, one obtains the Euler-Lagrange equation,

∂µ
∂LNS

∂(∂µAaν)
− ∂LNS

∂Aaν
= 0 . (2.11)

Substituting Eq. (2.10) into Eq. (2.11), this leads to the equation of motion (EOM)

in term of field Aa
µ,

∂µ(∂νAaν)− ∂2Aaµ + gJaµ = 0 . (2.12)

If Aµ is considered as a field representing a fluid system for each a, then we have multi

fluids system governed by a single form of EOM. Inversely, the current can be derived

from Eq. (2.12) to get,

Jaµ = −1

g
∂ν
(
∂µA

a
ν − ∂νAaµ

)
, (2.13)

and one can easily verify that the continuity equation is kept. We note that this

equation holds for both abelian and non-abelian cases, since the last term in Eq. (2.8)

contributes nothing due to its anti-symmetry. Also, this reproduces the relativistic

version of the classical electromagnetic density and current of Maxwell.
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The next task is to rewrite the above EOM to the familiar NS equation. Let us first

consider a single field Aµ. Then the task can be accomplished by defining the field Aµ

in term of scalar and vector potentials,

Aµ = (A0, Ai) = (φ, ~A)

≡
(
d

2
|~v|2 − V,−d~v

)
, (2.14)

where d is an arbitrary parameter with the dimension [d] = 1 to keep correct dimension

for each element of Aµ. V = V (~r) is any potential induced by conservative forces. The

condition for a conservative force ~F is
∮

d~r · ~F = 0 with the solution ~F = ~∇φ. This

means that the potential V must not contain a derivative of spatial space. We are now

going to prove that this choice is correct.

From Eq. (2.12) it is straightforward to obtain,

∂µA
a
ν − ∂νAaµ = −g

∮
dxνJ

aµ . (2.15)

First we can perform the calculation for µ = ν where we obtain trivial relation, that is

Jaµ = 0. Non-trivial relation is obtained for µ 6= ν,

∂0Ai − ∂iA0 = g

∮
dx0Ji = −g

∮
dxiJ0 . (2.16)

Different sign in the right hand side merely reflects the Minkowski metric we use. Now

we are ready to derive the NS equation. Substituting the 4-vector potensial in Eq.

(2.14) into Eq. (2.16), we obtain d ∂0vi + ∂iφ = gJ̃i or,

d ∂0~v + ~∇φ = g ~̃J , (2.17)

where J̃i ≡ −
∮

dx0Ji =
∮

dxiJ0. Using the scalar potential given in Eq. (2.14), we

obtain,

d
∂~v

∂t
+
d

2
~∇ |~v|2 − ~∇V = g ~̃J . (2.18)

By utilizing the identity 1
2
~∇|~v|2 = (~v · ~∇)~v + ~v × (~∇× ~v), we arrive at,

∂~v

∂t
+ (~v · ~∇)~v =

1

d
~∇V − ~v × ~ω +

g

d
~̃J , (2.19)

where ~ω ≡ ~∇ × ~v is the vorticity. This result reproduces a general NS equation with

arbitrary conservative forces (~∇V ) and some additional forces. This result justifies our

choice for the bosonic field in Eq. (2.14).
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Just to mentioned, the potential could represent the already known ones such as,

V (~r) =





P (~r)/ρ(~r) : pressure
Gm/|~r| : gravitation

(ν + η)(~∇ · ~v) : viscosity

. (2.20)

Here, P, ρ,G, ν + η denote pressure, density, gravitational constant and viscosity as

well. We are able to extract a general force of viscosity, ~∇Vviscosity = η~∇
(
~∇ · ~v

)
+

ν
(
~∇2~v

)
+ ν

(
~∇× ~ω

)
using the identity ~∇(~∇ · ~v) = ~∇ × ~ω + ~∇2~v. This reproduces

two terms relevant for both compressible and incompressible fluids, while the last term

contributes to the rotational fluid for non-zero ~ω. This provides a natural reason

for causality relation between viscosity and turbulence as stated in the definition of

Reynold number, R ∝ ν−1.

A general NS equation of multi fluids system can finally be obtained by putting the

superscript a back to the equation,

∂~va

∂t
+ (~va · ~∇)~va =

1

d
~∇V a − ~va × ~ωa +

g

d
~̃Ja , (2.21)

Here the second term in the right hand side is a new force relevant for rotational fluid,

while the last term is due to the current or density of fluid.

We would like to note an important issue here. One can take arbitrary current

forces in the NS equation (Eq. (2.21)), as long as the continuity equation is kept, but

should set a small number for g. This is very crucial since we will use the perturbation

method of field theory to perform any calculation in fluid dynamics starting from the

lagrangian in Eq. (2.10) later on. Taking arbitrary and small enough coupling constant

(g � 1) is needed to ensure that our perturbation works well.
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Chapter 3

Multi Fluid System Using Gauge
Field Theory Approach

This chapter is the main part of the thesis. We describe multi fluids system by mod-

elling such phenomenon as scatterings of multi buch fluid fields. This can be done

by defining the amplitude of such interactions using the Navier-stokes lagrangian de-

veloped in the preceeding chapter in a similar manner as in the elementary particle

physics.

3.1 Feyman Diagram for Fluid System

In the fluid dynamics which is governed by the NS equation we are mostly interested

only in how the forces are mediated, and not in the transition of an initial state to

another final state as concerned in particle physics. Within this interest, we need to

consider only the bosonic terms in the total lagrangian. Assuming that the lagrangian

is invariant under certain gauge symmetry, we have from Eq. (2.10),

LNS = −1

4
F a
µνF

aµν . (3.1)

Expanding and writing all terms explicitely,

LNS = −1

4
F a
µνF

aµν

= −1

4
[∂µA

a
ν − ∂νAaµ − gf abcAbµAcν ][∂µAaν − ∂νAaµ − gf amnAmµAnν]

= −1

4

[
(∂µA

a
ν − ∂νAaµ)(∂µAaν − ∂νAaµ) + 2gf abcAbµA

c
ν(∂

µAaν − ∂νAaµ)

+g2fabcfamnAaµA
b
νA

mµAnν
]

(3.2)
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Figure 3.1: Feynman rule for three point interaction.

From these terms, we have the quadratic term which gives the propagator for the field,

− i

k2

[
gµν + (ζ − 1)

kµkν

k2

]
δab . (3.3)

Further, the cubic and quartic terms give the interactions for three and four buch fluid

fields,

−2gf abc [gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gµρ(k3 − k1)ν] , (3.4)

and,

−g2
[
fabef cde

(
gµρgνλ − gµλgνρ

)
+

fadef bce
(
gµνgρλ − gµρgνλ

)
+ f acef bde

(
gµλgνρ − gµνgρλ

)]
. (3.5)

Clearly, Eqs. (3.3) ∼ (??) provide the Feynman rules for all allowed interactions in the

theory as depicted in Figs. 3.1 and 3.2.

Figure 3.2: Feynman rule for four point interaction.
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3.2 Multi Fluids System

In this section, we describe the dynamics of multi fluids system using the NS lagrangian.

Using the allowed interactions in obtained in the previous section, we can model the

hydrodynamics in term of those interactions. This means, we adopt completely the

method which is familiar and used widely in the elementary particle physics. This

model can be justified physically by considering that the fluid dynamics is a a result

of an interaction of fluid fields which is localized at a particular point and ignoring the

fluid states before interacting point. Each fluid is regarded as a separated field. Based

on this scenario, we can calculate the amplitude of multi fluids system interaction, and

then later on interpret and relate it with a real known observable.

As usual, we can rewrite the field in term of its polarization vector as follow,

Aµ = εµe
−ik·x with εµ =

(
d

2
|~v|2 − V,−~v

)
, (3.6)

where k is four-momentum. Of course, the momentum conservation still works, that is

Σki = 0 . (3.7)

This decomposition yields the completeness relation for the polarization vector as fol-

low,
∑

λ

ελ†µ ε
λ
ν =

(
−gµν +

kµkν
M2

)((
d

2
|~v|2 − V

)2

− |~v|2
)
, (3.8)

where the sum is over the three polarization states of massive vector fields. The proof

is given in App. A. This is important to deal with the multiplication of external fields

in the amplitude as done in the next section.

3.2.1 Interaction of Three Fluids System Dynamics

Having the Feynman rule at hand, we can use Eq. (3.4) to calculate the amplitude of

3 fluid fields. As written in detail in App. B we have found the transition amplitude

of 3-points to be,

−iM3 = −2gf abc [gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gµρ(k3 − k1)ν]AµAνAρ . (3.9)

12



Then, this result can be immediately calculated further to obtain the squared am-

plitude using Eq. (3.8),

|M3|2 = g2(f abc)2
[
gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gµρ(k3 − k1)ν

]

(−gµα +
k1µk1α

m2
1

)(−gνβ +
k2νk2β

m2
2

)(−gργ +
k3ρk3γ

m2
3

)

[
gαβ(k1 − k2)γ + gβγ(k2 − k3)α + gαγ(k3 − k1)β

]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)
. (3.10)
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Expanding all terms, we have

|M3|2 = g2(f abc)2
[
− (k1 − k2)2 − 2(k1 − k2) · (k2 − k3)− (k2 − k3)2

−2(k1 − k2) · (k3 − k1)− (k3 − k1)2 − 2(k2 − k3) · (k3 − k1)

+
k2

1(k1 − k2)2

m2
1

+ 2
k1 · (k1 − k2)k1 · (k2 − k3)

m2
1

+
(k1 · (k2 − k3))2

m2
1

+2
k1 · (k1 − k2)k1 · (k3 − k1)

m2
1

+
k2

1(k3 − k1)2

m2
1

+ 2
k1 · (k2 − k3)k1 · (k3 − k1)

m2
1

+
k2

2(k1 − k2)2

m2
2

+ 2
k2 · (k1 − k2)k2 · (k2 − k3)

m2
2

+
k2

2(k2 − k3)2

m2
2

+2
k2 · (k1 − k2)k2 · (k3 − k1)

m2
2

+
(k2 · (k3 − k1))2

m2
2

+ 2
k2 · (k2 − k3)k2 · (k3 − k1)

m2
2

+
(k3 · (k1 − k2))2

m2
3

+ 2
k3 · (k1 − k2)k3 · (k2 − k3)

m2
3

+
k2

3(k2 − k3)2

m2
3

+2
k3 · (k1 − k2)k3 · (k3 − k1)

m2
3

+
k2

3(k3 − k1)2

m2
3

+ 2
k3 · (k2 − k3)k3 · (k3 − k1)

m2
3

−(k1 · k2)2(k1 − k2)2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k1 − k2)

m2
1m

2
2

−k
2
2(k1 · (k2 − k3))2

m2
1m

2
2

− 2
k1 · k2k1 · (k1 − k2)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k2 · (k3 − k1))2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k3 · (k1 − k2))2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
3

−k
2
3(k1 · (k2 − k3))2

m2
1m

2
3

− 2
k1 · k3k1 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
3

−(k1 · k3)2(k3 − k1)2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k3 − k1)

m2
1m

2
3

−k
2
2(k3 · (k1 − k2))2

m2
2m

2
3

− 2
k2 · k3k2 · (k2 − k3)k3 · (k1 − k2)

m2
2m

2
3

−(k2 · k3)2(k2 − k3)2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
2m

2
3

−k
2
3(k2 · (k3 − k1))2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k2 − k3)

m2
2m

2
3

+
(k1 · k2)2(k3 · (k1 − k2))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k2 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
(k2 · k3)2(k1 · (k2 − k3))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k1 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
2m

2
3
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+
(k1 · k3)2(k2 · (k3 − k1))2

m2
1m

2
2m

2
3

+ 2
k1 · k3k2 · k3k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2m

2
3

]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)

(3.11)

Taking into account the momentum conservation, Eq. (3.7),

k1 + k2 + k3 = 0 , (3.12)

we obtain several kinematic relations,

ki · ki = m2
i = ρ2

iV
2;

k1 · (k2 − k3)2 = (ρ2
3 − ρ2

2)V 2; (k1 − k2)2 = (2ρ2
1 + 2ρ2

2 − ρ2
3)V 2;

k2 · (k3 − k1)2 = (ρ2
1 − ρ2

3)V 2; (k2 − k3)2 = (2ρ2
2 + 2ρ2

3 − ρ2
1)V 2;

k3 · (k1 − k2)2 = (ρ2
2 − ρ2

1)V 2; (k3 − k1)2 = (2ρ2
1 + 2ρ2

3 − ρ2
2)V 2;

k1 · k2 =
1

2
(ρ2

3 − ρ2
1 − ρ2

2)V 2; k1 · (k1 − k2)2 =
1

2
(3ρ2

1 + ρ2
2 − ρ2

3)V 2;

k1 · k3 =
1

2
(ρ2

2 − ρ2
1 − ρ2

3)V 2; k2 · (k2 − k3)2 =
1

2
(3ρ2

2 + ρ2
3 − ρ2

1)V 2;

k2 · k3 =
1

2
(ρ2

1 − ρ2
2 − ρ2

3)V 2); k3 · (k3 − k1)2 =
1

2
(3ρ2

3 + ρ2
1 − ρ2

2)V 2;

k1 · (k3 − k1)2 =
1

2
(ρ2

2 − ρ2
3 − 3ρ2

1)V 2;

k2 · (k1 − k2)2 =
1

2
(ρ1

3 − ρ2
1 − 3ρ2

2)V 2;

k3 · (k2 − k3)2 =
1

2
(ρ2

1 − ρ2
2 − 3ρ2

3)V 2;

(3.13)

3.2.2 Interaction of Four Fluids System Dynamics

Following the same procedure as done in Sec. 3.2.1, we obtain

−iM4 = −g2
[
fabef cde

(
gµρgνλ − gµλgνρ

)
+

fadef bce
(
gµνgρλ − gµρgνλ

)
+ f acef bde

(
gµλgνρ − gµνgρλ

)]
AµAνAρAλ , (3.14)
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for 4-point amplitude. Then, the squared amplitude becomes,

|M4|2 = g4
{[
fabef cde

(
gµρgνλ − gµλgνρ

)
+

fadef bce
(
gµνgρλ − gµρgνλ

)
+ f acef bde

(
gµλgνρ − gµνgρλ

)]
(
−gµα +

k1µk1α

m2
1

)(
−gνβ +

k2νk2β

m2
2

)

(
−gργ +

k3ρk3γ

m2
3

)(
−gλσ +

k4λk4σ

m2
4

)

[
fabef cde

(
gαγgβσ − gασgβδ

)
+

fadef bce
(
gαβgγσ − gαγgβσ

)
+ f acef bde

(
gασgβγ − gαβgγσ

)]}
(

(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)(
(
d4

2
|~v4|2 + V4)2 − |~v4|2

)
. (3.15)
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Expanding the result further, we get

|M4|2 = g4

[
fabef cdefabef cde

(
2
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+ 2
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k2 · k2(k1 · k3)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k2 · k2(k1 · k4)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k3k2 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+f adef bcefadef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+2
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+ 2
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k2 · k2(k1 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k1 · k1(k3 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k2 · k2(k3 · k4)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k3k2 · k4)2 − 2(k1 · k2k3 · k4)(k1 · k2k2 · k4)

m2
1m

2
2m

2
3m

2
4

)
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+f acef bdefacef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+ 2
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+2
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k2 · k2(k1 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k1 · k1(k3 · k4)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k2 · k2(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k2k3 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+2f abef cdefadef bce
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k2 · k2(k1 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k1 · k1(k2 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k4 · k4(k1 · k3)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k3 · k3(k2 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m122m2
2m

2
3m

2
4

)
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+2f abef cdefacef bde
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k1 · k1(k2 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k2 · k2(k1 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k3 · k3(k1 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k4 · k4(k2 · k3)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k4k2 · k3 − k1 · k2k3 · k4)

m2
1m

2
2m

2
3m

2
4

)

+2f adef bcefacef bde
(

(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
k3 · k3(k1 · k2)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k4 · k4(k1 · k2)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k1 · k1(k3 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k2 · k2(k3 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k4k2 · k3 − k1 · k2k3 · k4)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m2
1m

2
2m

2
3m

2
4

)]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)(
(
d4

2
|~v4|2 + V4)2 − |~v4|2

)
(3.16)

As a consequence of the momentum conservation,

k1 + k2 + k3 + k4 = 0 , (3.17)
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the following relations hold,

ki · ki = m2
i = ρ2

iV
2 ,

k1 · k2 =
1

4
ρ1v1ρ2v2 (v1v2 − 4cosθ)V 2 ,

k1 · k3 =
1

4
ρ1v1ρ3v3 (v1v3 − 4cosα)V 2 ,

k1 · k4 = −1

4
(4ρ2

1 + ρ1v1ρ2v2 (v1v2 − 4cosθ) + ρ1v1ρ3v3 (v1v3 − 4cosα))V 2 ,

k2 · k3 = −1

4

(
2(ρ2

1 + ρ2
2 + ρ2

3 − ρ2
4) + ρ1v1ρ2v2 (v1v2 − 4cosθ)

+ρ1v1ρ3v3 (v1v3 − 4cosα))V 2 ,

k2 · k4 = −1

4
(2(ρ2

1 + ρ2
3 − ρ2

2 − ρ2
4) + ρ1v1ρ3v3 (v1v3 − 4cosα))V 2 ,

k3 · k4 = −1

4
(2(ρ2

1 + ρ2
2 − ρ2

3 − ρ2
4) + ρ1v1ρ2v2 (v1v2 − 4cosθ))V 2 . (3.18)
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Chapter 4

Discussion and conclusion

In this chapter we will describe an idea about application of the theory, i.e.the inter-

actions of three or four fluids. Application of this theory can be used to show describe

the observable in a meeting point of river and sea. This means we can model, for

instance the turbuilence, at the point as one fluid coming from the river and the other

two fluids fields scattered away to the sea.

The application of 4-point scattering is much wider [9]. This can be used to deal

with turbulence in any fluid system, nebula for cosmology, dynamics of nano-crystal

and so on. In all cases we can model all appropriate observables as a result of scattering

of 4 homogeneous fields coming into a point.

Finally we have shown that interaction of multi fluids system which is localized

on one fixed point could be counted based on gauge field theory. Further, there is a

special characteristic in the 3- and 4-point interactions. In the case of 3-point there is

no angle dependence at all, while in 4-point case the amplitude depends on two angles

of the directions of external fields.
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Appendix A

Massive vector polarization

In the case of massive vector particle, the wave equation for a particle of mass M for

a bosonic field Aµ is written as [6],

(gνµ(�2 +M2)− ∂ν∂µ)Aµ = 0, (A.1)

We can determine the inverse of the momentum space operator by solving

(gνµ(−k2 +M2) + kνkµ)−1 = δµλ(Agνλ +Bkλkν), (A.2)

for A and B. The propagator, which is the quantity in brackets on the right-hand side

of (A.2) multiplied by i, is found to be,

i(gνµ + kνkµ/M2)

k2 −M2
. (A.3)

We can show that the numerator is the sum over the spin states of the massive particle

when it is taken on-shell, i.e.k2 = M2. We first take the divergence, ∂ν of (A.1), which

makes cancellation to find

M2∂µAµ = 0 that is, ∂µAµ = 0, (A.4)

Thus, for a massive vector particle, we have no choice but to take ∂µAµ = 0. We should

remark that it is not a gauge condition. As a consequence, the equation is reduced to

be,

(�2 +M2)Aµ = 0 , (A.5)

with free-particle solutions,

Aµ = εµe
−ik·x with εµ =

(
d

2
|~v|2 − V,−~v

)
. (A.6)
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The condition in Eq. (A.1) demands,

kµεµ = 0 , (A.7)

which reduces the number of independent polarization vector from four to three in a

covariant fashion. For a vector particle of mass M , energy E and momentum ~k along

the z−axis, the states of helicities λ can be described by polarization vectors

ελ=±1 = ∓(0, 1,±i, 0)√
2

(
d

2
|~v|2 − V,−~v

)
,

ελ=0 =
(|k| , 0, 0, E)

M

(
d

2
|~v|2 − V,−~v

)
. (A.8)

Therefore the completeness relation is,

∑

λ

ελ†µ ε
λ
ν =

(
−gµν +

kµkν
M2

)((
d

2
|~v|2 − V

)2

− |~v|2
)
, (A.9)

where the sum is over the three polarization states of massive vector particle.
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Appendix B

Three points amplitude calculation

|M3|2 = g2(f abc)2
[
gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gµρ(k3 − k1)ν

]

(−gµα +
k1µk1α

m2
1

)(−gνβ +
k2νk2β

m2
2

)(−gργ +
k3ρk3γ

m2
3

)

[
gαβ(k1 − k2)γ + gβγ(k2 − k3)α + gαγ(k3 − k1)β

]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)

= g2(f abc)2 [left× (1)× (2)× (3)× right× scalar]

= g2(f abc)2 [left× (1)× (2)× (3)× (A+B + C)× scalar] (B.1)

left =
[
gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gµρ(k3 − k1)ν

]
(B.2)

(1) = (−gµα +
k1µk1α

m2
1

); (2) = (−gνβ +
k2νk2β

m2
2

); (3) = (−gργ +
k3ρk3γ

m2
3

) (B.3)

right = (A+B + C) =
[
gαβ(k1 − k2)γ + gβγ(k2 − k3)α + gαγ(k3 − k1)β

]
(B.4)

scalar =
(

(
d1

2
|~v1|2 +V1)2−|~v1|2

)(
(
d2

2
|~v2|2 +V2)2−|~v2|2

)(
(
d3

2
|~v3|2 +V3)2−|~v3|2

)
(B.5)
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left× (1) =
[
− gνα(k1 − k2)ρ − gνρ(k2 − k3)α − gρα(k3 − k1)ν

+
k1
νk1α(k1 − k2)ρ

m2
1

+
gνρk1 · (k2 − k3)k1α

m2
1

+
kρ1k1α(k3 − k1)ν

m2
1

]
(B.6)

left× (1)× (2) =
[
gαβ(k1 − k2)ρ + gρβ(k2 − k3)α + gρα(k3 − k1)β

−k1βk1α(k1 − k2)ρ

m2
1

−
gρβk1 · (k2 − k3)k1α

m2
1

− kρ1k1α(k3 − k1)β
m2

1

−k2αk2β(k1 − k2)ρ

m2
2

− kρ2k2β(k2 − k3)α
m2

2

− gραk2 · (k3 − k1)k2β

m2
2

+
k1 · k2k1αk2β(k1 − k2)ρ

m2
1m

2
2

+
k1 · (k2 − k3)k1αk2βk

ρ
2

m2
1m

2
2

+
k2 · (k3 − k1)k1αk2βk

ρ
1

m2
1m

2
2

]
(B.7)

left× (1)× (2)× (3) =
[
− gαβ(k1 − k2)γ − gβγ(k2 − k3)α − gαγ(k3 − k1)β

+
k1βk1α(k1 − k2)γ

m2
1

+
gβγk1 · (k2 − k3)k1α

m2
1

+
k1αk1γ(k3 − k1)β

m2
1

+
k2αk2β(k1 − k2)γ

m2
2

+
k2βk2γ(k2 − k3)α

m2
2

+
gαγk2 · (k3 − k1)k2β

m2
2

−k1 · k2k1αk2β(k1 − k2)γ
m2

1m
2
2

− k1 · (k2 − k3)k1αk2βk2γ

m2
1m

2
2

− k2 · (k3 − k1)k1αk2βk1γ

m2
1m

2
2

+
k3 · (k1 − k2)k3γgαβ

m2
3

+
k3βk3γ(k2 − k3)α

m2
3

+
k3αk3γ(k3 − k1)β

m2
3

−k3 · (k1 − k2)k1αk1βk3γ

m2
1m

2
3

− k1 · (k2 − k3)k1αk3βk3γ

m2
1m

2
3

− k1 · k3k1α(k3 − k1)βk3γ

m2
1m

2
3

−k3 · (k1 − k2)k2αk2βk3γ

m2
2m

2
3

− k2 · k3(k2 − k3)αk2βk3γ

m2
2m

2
3

− k2 · (k3 − k1)k3αk2βk3γ

m2
2m

2
3

+
k1 · k2k3 · (k1 − k2)k1αk2βk3γ

m2
1m

2
2m

2
3

+
k2 · k3k1 · (k2 − k3)k1αk2βk3γ

m2
1m

2
2m

2
3

+
k1 · k3k2 · (k3 − k1)k1αk2βk3γ

m2
1m

2
2m

2
3

]

(B.8)
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left× (1)× (2)× (3)× (A) =
[
− (k1 − k2)2 − (k1 − k2) · (k2 − k3)− (k1 − k2) · (k3 − k1)

+
k2

1(k1 − k2)2

m2
1

+
k1 · (k1 − k2)k1 · (k2 − k3)

m2
1

+
k1 · (k1 − k2)k1 · (k3 − k1)

m2
1

+
k2

2(k1 − k2)2

m2
2

+
k2 · (k1 − k2)k2 · (k2 − k3)

m2
2

+
k2 · (k1 − k2)k2 · (k3 − k1)

m2
2

+
(k3 · (k1 − k2))2

m2
3

+
k3 · (k1 − k2)k3 · (k2 − k3)

m2
3

+
k3 · (k1 − k2)k3 · (k3 − k1)

m2
3

−(k1 · k2)2(k1 − k2)2

m2
1m

2
2

− k1 · k2k1 · (k2 − k3)k2 · (k1 − k2)

m2
1m

2
2

−k1 · k2k2 · (k3 − k1)k1 · (k1 − k2)

m2
1m

2
2

− k2
1(k3 · (k1 − k2))2

m2
1m

2
3

−k1 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
3

− k1 · k3k1 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
3

−k
2
2k3 · (k1 − k2)2

m2
2m

2
3

− k2 · k3k2 · (k2 − k3)k3 · (k1 − k2)

m2
2m

2
3

−k2 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
2m

2
3

+
(k1 · k2)2(k3 · (k1 − k2))2

m2
1m

2
2m

2
3

+
k1 · k2k2 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
k1 · k2k1 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
2m

2
3

]

(B.9)
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left× (1)× (2)× (3)× (B) =
[
− (k1 − k2) · (k2 − k3)− (k2 − k3)2 − (k3 − k1) · (k2 − k3)

+
k1 · (k1 − k2)k1 · (k2 − k3)

m2
1

+
(k1 · (k2 − k3))2

m2
1

+
k1 · (k2 − k3)k1 · (k3 − k1)

m2
1

+
k2 · (k1 − k2)k2 · (k2 − k3)

m2
2

+
k2

2(k2 · (k2 − k3))2

m2
2

+
k2 · (k2 − k3)k2 · (k3 − k1)

m2
2

+
k3 · (k1 − k2)k3 · (k2 − k3)

m2
3

+
k2

3(k2 − k3)2

m2
3

+
k3 · (k2 − k3)k3 · (k3 − k1)

m2
3

−k1 · k2k1 · (k2 − k3)k2 · (k1 − k2)

m2
1m

2
2

− k2
2(k1 · (k2 − k3))2

m2
1m

2
2

−k1 · k2k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2

− k1 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
3

−k
2
3(k1 · (k2 − k3))2

m2
1m

2
3

− k1 · k3k1 · (k2 − k3)k3 · (k3 − k1)

m2
1m

2
3

−k2 · k3k2 · (k2 − k3)k3 · (k1 − k2)

m2
2m

2
3

− (k2 · k3)2(k2 − k3)2

m2
2m

2
3

−k2 · k3k2 · (k3 − k1)k3 · (k2 − k3)

m2
2m

2
3

+
k1 · k2k2 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
(k1 · (k2 − k3))2(k2 · k3)2

m2
1m

2
2m

2
3

+
k1 · k3k2 · k3k1 · (k2 − k3k2 · (k3 − k1))

m2
1m

2
2m

2
3

]

(B.10)
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left× (1)× (2)× (3)× (C) =
[
− (k1 − k2) · (k3 − k1)− (k2 − k3) · (k3 − k1)− (k3 − k1)2

+
k1 · (k1 − k2)k1 · (k3 − k1)

m2
1

+
k1 · (k2 − k3)k1 · (k3 − k1)

m2
1

+
k2

1(k3 − k1)2

m2
1

+
k2 · (k1 − k2)k2 · (k3 − k1)

m2
2

+
k2 · (k2 − k3)k2 · (k3 − k1)

m2
2

+
(k2 · (k3 − k1))2

m2
2

+
k3 · (k1 − k2)k3 · (k3 − k1)

m2
3

+
k3 · (k2 − k3)k3 · (k3 − k1)

m2
3

+
k2

3(k1 − k2)2

m2
3

−k1 · k2k1 · (k1 − k2)k2 · (k3 − k1)

m2
1m

2
2

− k1 · k2k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k2 · (k3 − k1))2

m2
1m

2
2

− k1 · k3k1 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
3

−k1 · k3k1 · (k2 − k3)k3 · (k3 − k1)

m2
1m

2
3

− (k1 · k3)2(k3 − k1)2

m2
1m

2
3

−k2 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
2m

2
3

− k2 · k3k2 · (k3 − k1)k3 · (k2 − k3)

m2
2m

2
3

−k
2
3k2 · (k3 − k1)2

m2
2m

2
3

+
k1 · k2k1 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
k1 · k3k2 · k3k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2m

2
3

+
(k1 · k3)2(k2 · (k3 − k1))2

m2
1m

2
2m

2
3

]

(B.11)
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left× (1)× (2)× (3)× (A+B + C) = left× (1)× (2)× (3)× right =
[
− (k1 − k2)2 − 2(k1 − k2) · (k2 − k3)− (k2 − k3)2

−2(k1 − k2) · (k3 − k1)− (k3 − k1)2 − 2(k2 − k3) · (k3 − k1)

+
k2

1(k1 − k2)2

m2
1

+ 2
k1 · (k1 − k2)k1 · (k2 − k3)

m2
1

+
(k1 · (k2 − k3))2

m2
1

+2
k1 · (k1 − k2)k1 · (k3 − k1)

m2
1

+
k2

1(k3 − k1)2

m2
1

+ 2
k1 · (k2 − k3)k1 · (k3 − k1)

m2
1

+
k2

2(k1 − k2)2

m2
2

+ 2
k2 · (k1 − k2)k2 · (k2 − k3)

m2
2

+
k2

2(k2 − k3)2

m2
2

+2
k2 · (k1 − k2)k2 · (k3 − k1)

m2
2

+
(k2 · (k3 − k1))2

m2
2

+ 2
k2 · (k2 − k3)k2 · (k3 − k1)

m2
2

+
(k3 · (k1 − k2))2

m2
3

+ 2
k3 · (k1 − k2)k3 · (k2 − k3)

m2
3

+
k2

3(k2 − k3)2

m2
3

+2
k3 · (k1 − k2)k3 · (k3 − k1)

m2
3

+
k2

3(k3 − k1)2

m2
3

+ 2
k3 · (k2 − k3)k3 · (k3 − k1)

m2
3

−(k1 · k2)2(k1 − k2)2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k1 − k2)

m2
1m

2
2

−k
2
2(k1 · (k2 − k3))2

m2
1m

2
2

− 2
k1 · k2k1 · (k1 − k2)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k2 · (k3 − k1))2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k3 · (k1 − k2))2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
3

−k
2
3(k1 · (k2 − k3))2

m2
1m

2
3

− 2
k1 · k3k1 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
3

−(k1 · k3)2(k3 − k1)2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k3 − k1)

m2
1m

2
3

−k
2
2(k3 · (k1 − k2))2

m2
2m

2
3

− 2
k2 · k3k2 · (k2 − k3)k3 · (k1 − k2)

m2
2m

2
3

−(k2 · k3)2(k2 − k3)2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
2m

2
3

−k
2
3(k2 · (k3 − k1))2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k2 − k3)

m2
2m

2
3

+
(k1 · k2)2(k3 · (k1 − k2))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k2 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
2m

2
3
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+
(k2 · k3)2(k1 · (k2 − k3))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k1 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
(k1 · k3)2(k2 · (k3 − k1))2

m2
1m

2
2m

2
3

+ 2
k1 · k3k2 · k3k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2m

2
3

]
(B.12)
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|M3|2 = g2(f abc)2 [left× (1)× (2)× (3)× right× scalar] =

g2(f abc)2
[
− (k1 − k2)2 − 2(k1 − k2) · (k2 − k3)− (k2 − k3)2

−2(k1 − k2) · (k3 − k1)− (k3 − k1)2 − 2(k2 − k3) · (k3 − k1)

+
k2

1(k1 − k2)2

m2
1

+ 2
k1 · (k1 − k2)k1 · (k2 − k3)

m2
1

+
(k1 · (k2 − k3))2

m2
1

+2
k1 · (k1 − k2)k1 · (k3 − k1)

m2
1

+
k2

1(k3 − k1)2

m2
1

+ 2
k1 · (k2 − k3)k1 · (k3 − k1)

m2
1

+
k2

2(k1 − k2)2

m2
2

+ 2
k2 · (k1 − k2)k2 · (k2 − k3)

m2
2

+
k2

2(k2 − k3)2

m2
2

+2
k2 · (k1 − k2)k2 · (k3 − k1)

m2
2

+
(k2 · (k3 − k1))2

m2
2

+ 2
k2 · (k2 − k3)k2 · (k3 − k1)

m2
2

+
(k3 · (k1 − k2))2

m2
3

+ 2
k3 · (k1 − k2)k3 · (k2 − k3)

m2
3

+
k2

3(k2 − k3)2

m2
3

+2
k3 · (k1 − k2)k3 · (k3 − k1)

m2
3

+
k2

3(k3 − k1)2

m2
3

+ 2
k3 · (k2 − k3)k3 · (k3 − k1)

m2
3

−(k1 · k2)2(k1 − k2)2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k1 − k2)

m2
1m

2
2

−k
2
2(k1 · (k2 − k3))2

m2
1m

2
2

− 2
k1 · k2k1 · (k1 − k2)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k2 · (k3 − k1))2

m2
1m

2
2

− 2
k1 · k2k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2

−k
2
1(k3 · (k1 − k2))2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
3

−k
2
3(k1 · (k2 − k3))2

m2
1m

2
3

− 2
k1 · k3k1 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
3

−(k1 · k3)2(k3 − k1)2

m2
1m

2
3

− 2
k1 · k3k1 · (k2 − k3)k3 · (k3 − k1)

m2
1m

2
3

−k
2
2(k3 · (k1 − k2))2

m2
2m

2
3

− 2
k2 · k3k2 · (k2 − k3)k3 · (k1 − k2)

m2
2m

2
3

−(k2 · k3)2(k2 − k3)2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
2m

2
3

−k
2
3(k2 · (k3 − k1))2

m2
2m

2
3

− 2
k2 · k3k2 · (k3 − k1)k3 · (k2 − k3)

m2
2m

2
3

+
(k1 · k2)2(k3 · (k1 − k2))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k2 · k3k1 · (k2 − k3)k3 · (k1 − k2)

m2
1m

2
2m

2
3

+
(k2 · k3)2(k1 · (k2 − k3))2

m2
1m

2
2m

2
3

+ 2
k1 · k2k1 · k3k2 · (k3 − k1)k3 · (k1 − k2)

m2
1m

2
2m

2
3
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+
(k1 · k3)2(k2 · (k3 − k1))2

m2
1m

2
2m

2
3

+ 2
k1 · k3k2 · k3k1 · (k2 − k3)k2 · (k3 − k1)

m2
1m

2
2m

2
3

]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)

(B.13)

k1 + k2 + k3 = 0 (B.14)

ki · ki = m2
i = ρ2

iV
2;

k1 · (k2 − k3)2 = (ρ2
3 − ρ2

2)V 2; (k1 − k2)2 = (2ρ2
1 + 2ρ2

2 − ρ2
3)V 2;

k2 · (k3 − k1)2 = (ρ2
1 − ρ2

3)V 2; (k2 − k3)2 = (2ρ2
2 + 2ρ2

3 − ρ2
1)V 2;

k3 · (k1 − k2)2 = (ρ2
2 − ρ2

1)V 2; (k3 − k1)2 = (2ρ2
1 + 2ρ2

3 − ρ2
2)V 2;

k1 · k2 =
1

2
(ρ2

3 − ρ2
1 − ρ2

2)V 2; k1 · (k1 − k2)2 =
1

2
(3ρ2

1 + ρ2
2 − ρ2

3)V 2;

k1 · k3 =
1

2
(ρ2

2 − ρ2
1 − ρ2

3)V 2; k2 · (k2 − k3)2 =
1

2
(3ρ2

2 + ρ2
3 − ρ2

1)V 2;

k2 · k3 =
1

2
(ρ2

1 − ρ2
2 − ρ2

3)V 2); k3 · (k3 − k1)2 =
1

2
(3ρ2

3 + ρ2
1 − ρ2

2)V 2;

k1 · (k3 − k1)2 =
1

2
(ρ2

2 − ρ2
3 − 3ρ2

1)V 2;

k2 · (k1 − k2)2 =
1

2
(ρ1

3 − ρ2
1 − 3ρ2

2)V 2;

k3 · (k2 − k3)2 =
1

2
(ρ2

1 − ρ2
2 − 3ρ2

3)V 2;

(B.15)
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Appendix C

Four points amplitude calculation

|M4|2 = g4
{[
fabef cde

(
gµρgνλ − gµλgνρ

)
+

fadef bce
(
gµνgρλ − gµρgνλ

)
+ f acef bde

(
gµλgνρ − gµνgρλ

)]
(
−gµα +

k1µk1α

m2
1

)(
−gνβ +

k2νk2β

m2
2

)

(
−gργ +

k3ρk3γ

m2
3

)(
−gλσ +

k4λk4σ

m2
4

)

[
fabef cde

(
gαγgβσ − gασgβδ

)
+

fadef bce
(
gαβgγσ − gαγgβσ

)
+ f acef bde

(
gασgβγ − gαβgγσ

)]}
(

(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)(
(
d4

2
|~v4|2 + V4)2 − |~v4|2

)

= g4 [left× (1)× (2)× (3)× (4)× right× scalar]

= g4 [left× (1)× (2)× (3)× (4)× (A +B + C)× scalar]

(C.1)

left =
[
fabef cde

(
gµρgνλ − gµλgνρ

)
+

fadef bce
(
gµνgρλ − gµρgνλ

)
+ f acef bde

(
gµλgνρ − gµνgρλ

)]
(C.2)
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(1) = (−gµα +
k1µk1α

m2
1

); (2) = (−gνβ +
k2νk2β

m2
2

);

(3) = (−gργ +
k3ρk3γ

m2
3

); (4) = (−gλσ +
k4λk4σ

m2
4

); (C.3)

right = (A+B + C)

=
[
fabef cde

(
gαβgγσ − gαγgβσ

)
+ f adef bce

(
gαβgγσ − gαγgβσ

)

+f acef bde
(
gασgβγ − gαβgγσ

)]
(C.4)

scalar =

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)(
(
d4

2
|~v4|2 + V4)2 − |~v4|2

)

(C.5)

left× (1) =
[
fabef cde

(
−gνλgρα + gνρgλα + gνλ

kρ1k1α

m2
1

− gνρk
λ
1k1α

m2
1

)

+f adef bce
(
−gρλgνα + gνλgρα + gρλ

kν1k1α

m2
1

− gνλk
ρ
1k1α

m2
1

)

+f acef bde
(
−gνρgλα + gρλgνα + gνρ

kλ1k1α

m2
1

− gρλk
ν
1k1α

m2
1

)]
(C.6)

left× (1)× (2) =
[
fabef cde

(
gραg

λ
β − gρβgλα − gλβ

kρ1k1α

m2
1

+ gρβ
kλ1k1α

m2
1

−gρα
kλ2k2β

m2
2

+ gλα
kρ2k2β

m2
2

+
kρ1k

λ
2k1αk2β

m2
1m

2
2

− kλ1k
ρ
2k1αk2β

m2
1m

2
2

)

+f adef bce
(
gαβg

ρλ − gραgλβ − gρλ
k1βk1α

m2
1

+ gλβ
kρ1k1α

m2
1

−gρλk2αk2β

m2
2

+ gρα
kλ2k2β

m2
2

+ gρλ
k1 · k2k1αk2β

m2
1m

2
2

− kρ1k
λ
2k1αk2β

m2
1m

2
2

)

facef bde
(
gρβg

λ
α − gαβgρλ − gρβ

kλ1k1α

m2
1

+ gρλ
k1βk1α

m2
1

−gλα
kρ2k2β

m2
2

+ gρλ
k2αk2β

m2
2

+
kλ1k

ρ
2k1αk2β

m2
1m

2
2

− gρλk1 · k2k1αk2β

m2
1m

2
2

)]
(C.7)
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left× (1)× (2)× (3) =

[
fabef cde

(
−gλβgαγ + gβγg

λ
α + gλβ

k1αk1γ

m2
1

− gβγ
kλ1k1α

m2
1

+gαγ
kλ2k2β

m2
2

− gλα
k2βk2γ

m2
2

− kλ2k1αk2βk1γ

m2
1m

2
2

+
kλ1k1αk2βk2γ

m2
1m

2
2

+gλβ
k3αk3γ

m2
3

− gλα
k3βk3γ

m2
3

− gλβ
k1 · k3k1αk3γ

m2
1m

2
3

+
kλ1k1αk3βk3γ

m2
1m

2
3

−k
λ
2k3αk2βk3γ

m2
2m

2
3

+ gλα
k2 · k3k2βk3γ

m2
2m

2
3

+
k1 · k3k

λ
2k1αk2βk3γ

m2
1m

2
2m

2
3

− k2 · k3k
λ
1k1αk2βk3γ

m2
1m

2
2m

2
3

)

+f adef bce
(
−gλγgαβ + gλβgαγ + gλγ

k1αk1β

m2
1

− gλβ
k1αk1γ

m2
1

+gλγ
k2αk2β

m2
2

− gαγ
kλ2k2β

m2
2

− gλγ
k1 · k2k1αk2β

m2
1m

2
2

+
kλ2k1αk2βk1γ

m2
1m

2
2

+gαβ
kλ3k3γ

m2
3

− gλβ
k3αk3γ

m2
3

− kλ3k1αk1βk3γ

m2
1m

2
3

+ gλβ
k1 · k3k1αk3γ

m2
1m

2
3

−k
λ
3k2αk2βk3γ

m2
2m

2
3

+
kλ2k3αk2βk3γ

m2
2m

2
3

+
k1 · k2k

λ
3k1αk2βk3γ

m2
1m

2
2m

2
3

− k1 · k3k
λ
2k1αk2βk3γ

m2
1m

2
2m

2
3

)

+f acef bde
(
−gβγgλα + gλγgαβ + gβγ

kλ1k1α

m2
1

− gλγ
k1αk1β

m2
1

+gλα
k2βk2γ

m2
2

− gλγ
k2αk2β

m2
2

− kλ1k1αk2βk2γ

m2
1m

2
2

+ gλγ
k1 · k2k1αk2β

m2
1m

2
2

+gλα
k3βk3γ

m2
3

− gαβ
kλ3k3γ

m2
3

− kλ1k1αk3βk3γ

m2
1m

2
3

+
kλ3k1αk1βk3γ

m2
1m

2
3

−gλα
k2 · k3k2βk3γ

m2
2m

2
3

+
kλ3k2αk2βk3γ

m2
2m

2
3

+
k2 · k3k

λ
1k1αk2βk3γ

m2
1m

2
2m

2
3

− k1 · k2k
λ
3k1αk2βk3γ

m2
1m

2
2m

2
3

)]
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left× (1)× (2)× (3)× (4) =
[
fabef cde

(
gαγgβσ − gασgβγ − gβσ

k1αk1γ

m2
1

+ gβγ
k1αk1σ

m2
1

−gαγ
k2βk2σ

m2
2

+ gασ
k2βk2γ

m2
2

+
k1αk2βk1γk2σ

m2
1m

2
2

− k1αk2βk2γk1σ

m2
1m

2
2

−gβσ
k3αk3γ

m2
3

+ gασ
k3βk3γ

m2
3

+ gβσ
k1 · k3k1αk3γ

m2
1m

2
3

− k1αk3βk3γk1σ

m2
1m

2
3

+
k3αk2βk3γk2σ

m2
2m

2
3

− gασ
k2 · k3k2βk3γ

m2
2m

2
3

− k1 · k3k1αk2βk3γk2σ

m2
1m

2
2m

2
3

+
k2 · k3k1αk2βk3γk1σ

m2
1m

2
2m

2
3

−gαγ
k4βk4σ

m2
4

+ gβγ
k4αk4σ

m2
4

+
k1αk4βk1γk4σ

m2
1m

2
4

− gβγ
k1 · k4k1αk4σ

m2
1m

2
4

+gαγ
k2 · k4k2βk4σ

m2
2m

2
4

− k4αk2βk2γk4σ

m2
2m

2
4

− k2 · k4k1αk2βk1γk4σ

m2
1m

2
2m

2
4

+
k1 · k4k1αk2βk2γk4σ

m2
1m

2
2m

2
4

+
k3αk4βk3γk4σ

m2
3m

2
4

− k4αk3βk3γk4σ

m2
3m

2
4

− k1 · k3k1αk4βk3γk4σ

m2
1m

2
3m

2
4

+
k1 · k4k1αk3βk3γk4σ

m2
1m

2
3m

2
4

−k2 · k4k3αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k2 · k3k4αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k1 · k3k2 · k4k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

− k1 · k4k2 · k3k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

)

+f adef bce
(
gαβgγσ − gασgβγ − gγσ

k1αk1β

m2
1

+ gβσ
k1αk1γ

m2
1

−gγσ
k2αk2β

m2
2

+ gαγ
k2βk2σ

m2
2

+ gγσ
k1 · k2k1αk2β

m2
1m

2
2

− k1αk2βk1γk2σ

m2
1m

2
2

−gαβ
k3γk3σ

m2
3

+ gβσ
k3αk3γ

m2
3

+
k1αk1βk3γk3σ

m2
1m

2
3

− gβσ
k1 · k3k1αk3γ

m2
1m

2
3

+
k2αk2βk3γk3σ

m2
2m

2
3

− k3αk2βk3γk2σ

m2
2m

2
3

− k1 · k2k1αk2βk3γk3σ

m2
1m

2
2m

2
3

+
k1 · k3k1αk2βk3γk2σ

m2
1m

2
2m

2
3

−gαβ
k4γk4σ

m2
4

+ gαγ
k4βk4σ

m2
4

+
k1αk1βk4γk4σ

m2
1m

2
4

− k1αk4βk1γk4σ

m2
1m

2
4

+
k2αk2βk4γk4σ

m2
2m

2
4

− gαγ
k2 · k4k2βk4σ

m2
2m

2
4

− k1 · k2k1αk2βk4γk4σ

m2
1m

2
2m

2
4

+
k2 · k4k1αk2βk1γk4σ

m2
1m

2
2m

2
4

+gαβ
k3 · k4k3γk4σ

m2
3m

2
4

− k3αk4βk3γk4σ

m2
3m

2
4

− k3 · k4k1αk1βk3γk4σ

m2
1m

2
3m

2
4

+
k1 · k3k1αk4βk3γk4σ

m2
1m

2
3m

2
4

−k3 · k4k2αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k2 · k4k3αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k1 · k2k3 · k4k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

− k1 · k3k2 · k4k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

)

facef bde
(
gασgβγ − gαβgγσ − gβγ

k1αk1σ

m2
1

+ gγσ
k1αk1β

m2
1

(C.9)

36



−gασ
k2βk2γ

m2
2

+ gγσ
k2αk2β

m2
2

+
k1αk2βk2γk1σ

m2
1m

2
2

− gγσ
k1 · k2k1αk2β

m2
1m

2
2

−gασ
k3βk3γ

m2
3

+ gαβ
k3γk3σ

m2
3

+
k1αk3βk3γk1σ

m2
1m

2
3

− k1αk1βk3γk3σ

m2
1m

2
3

+gασ
k2 · k3k2βk3γ

m2
2m

2
3

− k2αk2βk3γk3σ

m2
2m

2
3

− k2 · k3k1αk2βk3γk1σ

m2
1m

2
2m

2
3

+
k1 · k2k1αk2βk3γk3σ

m2
1m

2
2m

2
3

−gβγ
k4αk4σ

m2
4

+ gαβ
k4γk4σ

m2
4

+ gβγ
k1 · k4k1αk4σ

m2
1m

2
4

− k1αk1βk4γk4σ

m2
1m

2
4

+
k4αk2βk2γk4σ

m2
2m

2
4

− k2αk2βk4γk4σ

m2
2m

2
4

− k1 · k4k1αk2βk2γk4σ

m2
1m

2
2m

2
4

+
k1 · k2k1αk2βk4γk4σ

m2
1m

2
2m

2
4

+
k4αk3βk3γk4σ

m2
3m

2
4

− gαβ
k3 · k4k3γk4σ

m2
3m

2
4

− k1 · k4k1αk3βk3γk4σ

m2
1m

2
3m

2
4

+
k3 · k4k1αk1βk3γk4σ

m2
1m

2
3m

2
4

−k2 · k3k4αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k3 · k4k2αk2βk3γk4σ

m2
2m

2
3m

2
4

+
k1 · k4k2 · k3k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

− k1 · k2k3 · k4k1αk2βk3γk4σ

m2
1m

2
2m

2
3m

2
4

)]
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left× (1)× (2)× (3)× (4)× (A) =

[
fabef cdefabef cde

(
2
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+ 2
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k2 · k2(k1 · k3)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k2 · k2(k1 · k4)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k3k2 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+f abef cdefadef bce
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k2 · k2(k1 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k1 · k1(k2 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k4 · k4(k1 · k3)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k3 · k3(k2 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m122m2
2m

2
3m

2
4

)

+f abef cdefacef bde
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4
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+
k1 · k1(k2 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k2 · k2(k1 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k3 · k3(k1 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k4 · k4(k2 · k3)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k4k2 · k3 − k1 · k2k3 · k4)

m2
1m

2
2m

2
3m

2
4

)]
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left× (1)× (2)× (3)× (4)× (B) =

[
fabef cdefadef bce

(
(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k2 · k2(k1 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k1 · k1(k2 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k4 · k4(k1 · k3)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k3 · k3(k2 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m122m2
2m

2
3m

2
4

)

+f adef bcefadef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+2
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+ 2
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k2 · k2(k1 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k1 · k1(k3 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k2 · k2(k3 · k4)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k3k2 · k4)2 − 2(k1 · k2k3 · k4)(k1 · k2k2 · k4)

m2
1m

2
2m

2
3m

2
4

)

+f adef bcefacef bde
(

(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
k3 · k3(k1 · k2)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3
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+
k4 · k4(k1 · k2)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k1 · k1(k3 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k2 · k2(k3 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k4k2 · k3 − k1 · k2k3 · k4)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m2
1m

2
2m

2
3m

2
4

)]
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left× (1)× (2)× (3)× (4)× (C) =

[
fabef cdefacef bde

(
(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k1 · k1(k2 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k2 · k2(k1 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k3 · k3(k1 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k4 · k4(k2 · k3)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k4k2 · k3 − k1 · k2k3 · k4)

m2
1m

2
2m

2
3m

2
4

)

+f adef bcefacef bde
(

(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
k3 · k3(k1 · k2)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k4 · k4(k1 · k2)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k1 · k1(k3 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k2 · k2(k3 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k4k2 · k3 − k1 · k2k3 · k4)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m2
1m

2
2m

2
3m

2
4

)

+f acef bdefacef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+ 2
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+2
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4
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+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k2 · k2(k1 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k1 · k1(k3 · k4)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k2 · k2(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k2k3 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)]

(C.13)
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left× (1)× (2)× (3)× (4)× (A+B + C) = left× (1)× (2)× (3)× (4)× right =
[
fabef cdefabef cde

(
2
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+ 2
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k2 · k2(k1 · k3)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k2 · k2(k1 · k4)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k3k2 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+f adef bcefadef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+2
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+ 2
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k2 · k2(k1 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k1 · k1(k3 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k2 · k2(k3 · k4)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k3k2 · k4)2 − 2(k1 · k2k3 · k4)(k1 · k2k2 · k4)

m2
1m

2
2m

2
3m

2
4

)

+f acef bdefacef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+ 2
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+2
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4
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+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k2 · k2(k1 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k1 · k1(k3 · k4)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k2 · k2(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k2k3 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+2f abef cdefadef bce
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k2 · k2(k1 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k1 · k1(k2 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k4 · k4(k1 · k3)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k3 · k3(k2 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m122m2
2m

2
3m

2
4

)

+2f abef cdefacef bde
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k1 · k1(k2 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k2 · k2(k1 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k3 · k3(k1 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k4 · k4(k2 · k3)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k4k2 · k3 − k1 · k2k3 · k4)

m2
1m

2
2m

2
3m

2
4

)
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+2f adef bcefacef bde
(

(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
k3 · k3(k1 · k2)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k4 · k4(k1 · k2)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k1 · k1(k3 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k2 · k2(k3 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k4k2 · k3 − k1 · k2k3 · k4)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m2
1m

2
2m

2
3m

2
4

)]
(C.14)
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|M4|2 = g4

[
fabef cdefabef cde

(
2
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+ 2
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k2 · k2(k1 · k3)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k2 · k2(k1 · k4)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k3k2 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+f adef bcefadef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+2
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+ 2
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4

+
2k1 · k2k1 · k3k2 · k3 − (k2 · k2(k1 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k1 · k1(k2 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k1 · k1(k3 · k4)2 + k4 · k4(k1 · k3)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k3 · k3(k2 · k4)2 + k2 · k2(k3 · k4)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k3k2 · k4)2 − 2(k1 · k2k3 · k4)(k1 · k2k2 · k4)

m2
1m

2
2m

2
3m

2
4

)

+f acef bdefacef bce
(
k1 · k1k2 · k2 − (k1 · k2)2

m2
1m

2
2

+ 2
k1 · k1k3 · k3 − (k1 · k3)2

m2
1m

2
3

+
k1 · k1k4 · k4 − (k1 · k4)2

m2
1m

2
4

+
k2 · k2k3 · k3 − (k2 · k3)2

m2
2m

2
3

+2
k2 · k2k4 · k4 − (k2 · k4)2

m2
2m

2
4

+
k3 · k3k4 · k4 − (k3 · k4)2

m2
3m

2
4
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+
2k1 · k2k1 · k3k2 · k3 − (k1 · k1(k2 · k3)2 + k3 · k3(k1 · k2)2)

m2
1m

2
2m

2
3

+
2k1 · k2k1 · k4k2 · k4 − (k2 · k2(k1 · k4)2 + k4 · k4(k1 · k2)2)

m2
1m

2
2m

2
4

+
2k1 · k3k1 · k4k3 · k4 − (k3 · k3(k1 · k4)2 + k1 · k1(k3 · k4)2)

m2
1m

2
3m

2
4

+
2k2 · k3k2 · k4k3 · k4 − (k2 · k2(k2 · k4)2 + k4 · k4(k2 · k3)2)

m2
2m

2
3m

2
4

+
(k1 · k2k3 · k4)2 + (k1 · k4k2 · k3)2 − 2(k1 · k2k3 · k4)(k1 · k4k2 · k3)

m2
1m

2
2m

2
3m

2
4

)

+2f abef cdefadef bce
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k2 · k2(k1 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k1 · k1(k2 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k4 · k4(k1 · k3)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k3 · k3(k2 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m122m2
2m

2
3m

2
4

)

+2f abef cdefacef bde
(

(k1 · k2)2 − k1 · k1k2 · k2

m2
1m

2
2

+
(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
(k3 · k4)2 − k3 · k3k4 · k4

m2
3m

2
4

+
k1 · k1(k2 · k3)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k2 · k2(k1 · k4)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k3 · k3(k1 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k4 · k4(k2 · k3)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4
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+
(k1 · k3k2 · k4 − k1 · k4k2 · k3)(k1 · k4k2 · k3 − k1 · k2k3 · k4)

m2
1m

2
2m

2
3m

2
4

)

+2f adef bcefacef bde
(

(k1 · k3)2 − k1 · k1k3 · k3

m2
1m

2
3

+
(k1 · k4)2 − k1 · k1k4 · k4

m2
1m

2
4

+
(k2 · k3)2 − k2 · k2k3 · k3

m2
2m

2
3

+
(k2 · k4)2 − k2 · k2k4 · k4

m2
2m

2
4

+
k3 · k3(k1 · k2)2 − k1 · k2k1 · k3k2 · k3

m2
1m

2
2m

2
3

+
k4 · k4(k1 · k2)2 − k1 · k2k1 · k4k2 · k4

m2
1m

2
2m

2
4

+
k1 · k1(k3 · k4)2 − k1 · k3k1 · k4k3 · k4

m2
1m

2
3m

2
4

+
k2 · k2(k3 · k4)2 − k2 · k3k2 · k4k3 · k4

m2
2m

2
3m

2
4

+
(k1 · k4k2 · k3 − k1 · k2k3 · k4)(k1 · k2k3 · k4 − k1 · k3k2 · k4)

m2
1m

2
2m

2
3m

2
4

)]

(
(
d1

2
|~v1|2 + V1)2 − |~v1|2

)(
(
d2

2
|~v2|2 + V2)2 − |~v2|2

)

(
(
d3

2
|~v3|2 + V3)2 − |~v3|2

)(
(
d4

2
|~v4|2 + V4)2 − |~v4|2

)
(C.15)

k1 + k2 + k3 + k4 = 0 (C.16)

ki · ki = m2
i = ρ2

iV
2;

k1 · k2 =
1

4
ρ1v1ρ2v2 (v1v2 − 4cosθ)V 2;

k1 · k3 =
1

4
ρ1v1ρ3v3 (v1v3 − 4cosα)V 2;

k1 · k4 = −1

4
(4ρ2

1 + ρ1v1ρ2v2 (v1v2 − 4cosθ) + ρ1v1ρ3v3 (v1v3 − 4cosα))V 2;

k2 · k3 = −1

4

(
2(ρ2

1 + ρ2
2 + ρ2

3 − ρ2
4) + ρ1v1ρ2v2 (v1v2 − 4cosθ) + ρ1v1ρ3v3 (v1v3 − 4cosα)

)
V 2

k2 · k4 = −1

4
(2(ρ2

1 + ρ2
3 − ρ2

2 − ρ2
4) + ρ1v1ρ3v3 (v1v3 − 4cosα))V 2

k3 · k4 = −1

4
(2(ρ2

1 + ρ2
2 − ρ2

3 − ρ2
4) + ρ1v1ρ2v2 (v1v2 − 4cosθ))V 2 (C.17)
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