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Abstract

This paper studies an optimization problem, i.e., the optimal tracking
error control problem, on an inverted pendulum model with elevated
track. We characterize the minimum tracking error in term of
pendulum’s parameters. Particularly, we derive the closed-form
expression for the pendulum length which gives minimum error. It is
shown that the minimum error can always be accomplished as long as
the ratio between the mass of the pendulum and that of the cart
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satisfies a certain constancy, regardless the type of material we use for
the pendulum.

1. Introduction

Direct pendulum as well as inverted pendulum models are important
devices in supporting education and research activities in the field of control
system as they have distinct characteristics such as nonlinear and unstable
systems, thus can be linearized around fixed points, its complexity can be
modified, and they can easily be applied in actual systems. In the field of
engineering, direct and inverted pendulums are utilized to monitor the
displacement of foundation of structures such as dam, bridge, and dock. The
work of cranes is also based on pendulum principles. In geology, inverted
pendulum system aids us in detecting seismic noise due to macro-seismic,
oceanic, and atmospheric activities [7, 12]. In physiology, we may employ
the pendulum laws to study the human balancing [9-11]. The theoretical
studies of pendulum systems are some. An analytical treatment of the
stability problem in the context of delayed feedback control of the inverted
pendulum can be found in [1], while a discussion on the limitations of
controlling an inverted pendulum system in term of the Poisson integral
formula and the complementary sensitivity integral is presented in [14].
Further, an H, control performance limits of single-input multiple-output

system applied to a class of physical systems including cranes and inverted
pendulums is provided by [6]. The performance limits of pendulum systems
are characterized by unstable zeros/poles location. Recent theoretical study
on factors limiting controlling of an inverted pendulum is carried-out in [8].
Calculation based on symbolic programming is performed to determine the
admissible pendulum angle.

This paper examines an optimization problem on inverted pendulum
systems with elevated track. We consider an optimal tracking error control
problem, where our primary objective is to identify parameters which affect
the stability of the pendulum system. Particularly, we aim to determine the
optimal pendulum length which provides minimal tracking error. Our study
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is facilitated by the availability of analytical closed-form expression on
optimal tracking error solution provided by previous researches [2-5].

The rest of this paper is organized as follows: In Section 2, we consider
the inverted pendulum system with elevated track including the equations of
motion. Section 3 briefly describes the tracking error control problem, in
which the optimization problem is formulated. In Section 4, we apply the
tracking error control problem into pendulum system and derive the optimal
pendulum length which provides the lowest possible tracking error. We
conclude in Section 5.

2. Inverted Pendulum System

In this work, we consider an inverted pendulum system as shown in
Figure 1, where an inverted pendulum is mounted on a motor driven-cart. We
assume that the pendulum moves only in the vertical plane, i.e., two
dimensional control problem, on an elevated track of elevation o. We denote
respectively by M, m, and 2/, the mass of the cart, the mass of the
pendulum, and the length of the pendulum. Friction between the track and
the cart is denoted by p and that between the cart and the pendulum by n.

We consider an uniform pendulum so that its inertia is given by | = %mﬁz.

Position and angle displacement of the pendulum are denoted by x and 6,

respectively, and the force to the cart as the control variable by u. The
coefficient of gravity is denoted by g.

Based on the law of energy conservation, the equations of motion of the
pendulum can be written in the following nonlinear model:

(M +m)X + medcos(0 — a)) — med? sin(0 — o) + px
=u-(M +m)gsina,

%mfzé + 10 + msx cos(0 — o) — mg/sin(0 — o) = 0.
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Figure 1. Inverted pendulum system with elevated track.

To linearize the model, we assume that there exists a small angle
displacement of the pendulum, i.e., 6 is small enough and thus sin© =~ 6,

cosO ~ 1, 620 ~ 0, and %0 ~ O.

Additionally, we also assume that the cart starts in motionless from the
origin as well as the pendulum, i.e., it is supposed that x(0) = 0, x(0) = 0,

8(0) = 0, and 6(0) = 0. The following linear model is then obtained:

(M +m)% +mbcosa +px =u— (M +m)gsina,

%mfzé + 10 + mx cos o — mglo cos o. + mg/ sin a. = 0.

For simplicity in the further analysis, we shall assume that there are no
frictions, i.e., u = = 0. Thus, the application of Laplace transform enables

us to convert the model from time domain into frequency domain as follows:

2252 _ mg/ cos o
Px(s) =7 3 - e
§(M +m)me? —m?0% cos? o [s* = [(M + m)mge cos o]s?

%(M +m)me? —m2¢2 cos? a [s? — (M + m)mge cos o

)
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Plants P, in (1) and Py in (2) represent the transfer functions from force
input u to the cart position x and the pendulum angle 6, respectively.

3. Optimal Tracking Error Control Problem

The considered inverted pendulum system can be represented in
frequency domain as a simple feedback control system in Figure 2, where P
is the plant to be controlled, K is the controller to be designed such that
producing a certain control action, F is a sensor to measure the system output
y which feeds-back to the system, r is the reference signal, d is the
disturbance which exogenously enters the system, and e is the tracking error
between reference input and sensor output, i.e., e = r — Fy.

d
ﬁ)— o o R
| s)

Figure 2. Feedback control system.

A number z e C is said to be zero of P if P(z) = 0 holds. In addition, if

z is lying in C*, i.e., right half plane, then z is said to be a non-minimum
phase zero. P is said to be minimum phase if it has no non-minimum phase
zero; otherwise, it is said to be non-minimum phase. A number p € C is said

to be a pole of P if P(p) is unbounded. If p is lying in C*, then p is an

unstable pole of P. We say P is stable if it has no unstable pole; otherwise,
unstable.

In classic paradigm, the central problem of a feedback system is to
manipulate control input u or equivalently to design a controller K which
stabilizes the system. If the stability control problem is carried-out under the
constraint of minimizing the tracking error, then it refers to the optimal
tracking error control problem. Formulating in time domain, the problem is
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to achieve minimal tracking error E*, where
E* = inf [ et Pt 3)
KekJo

with C is a set of all stabilizing controllers. In modern paradigm, however,
the primary interest is not on how to find the optimal controller, which
commonly represented as Youla’s parameterizations [13]. Rather, we are
interesting in relating the optimal performance with some simple
characteristics of the plant to be controlled. In other words, we provide the
analytical closed-form expressions of the optimal performance in terms of
dynamics and structure of the plant [3-6]. From (1) and (2), we may construct
a single-input and single-output (SISO) plant by selecting either P = P, or
P = Py, or alternatively a single-input and two-output (SITO) plant by

selecting both plants, i.e., P = (P, Pe)T.

Theorem 3.1. Let P be an SISO plant which has non-minimum phase
zeros zj (i=1..,n;) and unstable poles pj (k=1 .., np). Then the

analytical closed-form expression of (3) is given by

E*:“ZZzRezi . b 4Rep; Rep(L-¢(p;)) (- é(p))

1) S (Pj + Px)PjPkC ok '
where

LR

o(s) = +

©=T13%
1 Ny =1,

oj= HM; np > 2.
kej Pkt P

Theorem 3.1 shows that the minimum tracking error is mainly
determined by non-minimum phase zeros and unstable poles of the plant. In
particular, it is clear that non-minimum phase zeros close to the imaginary
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axis contribute more detrimental effect. Moreover, unstable poles and
unstable zeros close each other will deteriorate the minimum tracking error
as revealed by following corollaries.

Corollary 3.1. If P has only one non-minimum phase zero z and unstable
pole p, both are real, then
8p
5
(z-p)
Corollary 3.2. If P has only one non-minimum phase zero z and two
unstable poles p; and p,, then

*

2
==+
z

gr -2, 8(pLtP2)| PPt pa) 2p1p, L Pa(pL+P2) |
2 (p-p)?l z-p)? @-P)E-P) (z-p,y)?

4. Characterization of Optimal Pendulum Length

We focus our analysis in controlling the cart position only. In other
words we consider only an SISO plant P, in (1). It is easy to verify that Py

has one non-minimum phase zero z and one unstable pole p as follows:

_ [3gcosa
2=\ =g (4)

3g(M + m)cosa
= \/ —. (5)
/[4(M + m) — 3m cos” o]

From the perspective of modern paradigm, the minimal tracking error of
inverted pendulum system with elevated track can explicitly be expressed in
term of pendulum parameters by substituting (4) and (5) into Corollary 3.1:

2
7 \/M+m—§mcosza+ M +m
* 4
E* =4 : (6)
3gcosa \/M 3 2

+m—chos a—-+M+m

By imposing a simple differential calculus on (6) we determine the
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length which provides the lowest possible tracking error

~ M(3cos? o — 8 + V1024 — 768 cos® o + 9cos” o)

z*
(8 - 6c0s% o)

()

where ¢ is the “length density” constant which represents the ratio between
mass and length of the pendulum, i.e., ¢ = m//. We can see from (7) that
the optimal length can be reduced by decreasing the mass of the cart or by
selecting the material of the pendulum with bigger length density.

By reformulating (7), we may have

M 8 — 6c0s? a

m _ 30032 o —8+\/1024—768c:052 o+ 9cos4a

(8)

which suggests that, for a given elevation o, the minimum error can always
be accomplished as long as the ratio between the mass of the pendulum and
that of the cart satisfies a certain constancy in the right-hand side of (8),
regardless the type of material we use for the pendulum. In particular, for
o = 0 we have a kind of magic number

m _ /265 -5
MTT 2

To illustrate our result, we consider a rod-shaped pendulum made from
platina mounted on a cart of weight 1 kg. We assume that the base of
pendulum is fixed at radius of 1 cm and the length is varied. We may find
that the pendulum has a length density of 3.3677 kg/m. Figure 3 depicts the
minimum tracking error calculated in (6) with respect to the pendulum length
¢ and the track elevation a. It is endorsed that more elevation needs more
control effort. Figure 4 plots the relation between the track elevation and the

optimal pendulum length based on (7). It is shown that ¢* is a decreasing
function of «, indicates that more elevation, and thus more control effort,
can be compensated by selecting a shorter pendulum.
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Figure 3. The minimum tracking error with respect to the pendulum length
and the track elevation.
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Figure 4. The optimal pendulum length with respect to the track elevation.
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5. Concluding Remark

We have examined a simple but interesting optimization problem that
arises in the field of control engineering. In the perspective of tracking error
control problem of a pendulum, it has been shown that the lowest possible
tracking error is solely dependent on the pendulum parameters. In particular,
we provide the analytical closed-form expression of the optimal pendulum
length. The approach adopted in this paper, however, enables us to design an
apparatus that optimally accomplishes a certain objective.

We may extend the optimization problem by considering a tracking error
problem under control input penalty. This problem is more realistic than one
without penalty on the control input, since the controller could not produce
an output beyond the capability of the actuator. In this case we consider the
following performance index:

£ nf_ [ (e +|u®))et, ©)

where u is the control input (see Figure 2). According to [6], the analytical
expression for (9) is given by

= * 1 0 1 1
E'=E"+=| —logll+ ——— |do, (10)
“JO o’ [ |P(im)|2j

where E™ is given by (3.1). Obviously, the existence of integral term impedes
us for characterizing (10) in terms of pendulum parameters, e.g., the optimal
pendulum length should be sought numerically. Another extension can also
be undertaken by considering multiple control strategy on position and angle

displacement of the pendulum, i.e., an SITO plant P = (P, Pe)T.
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