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FL1 H'J'll EH f::XP LOilJ\TI O;\J OF 
THE KLE ii',-i\ II NTY PROBLE~'l. 

fllll l'AIU"lll".\I Sll.:\l.:\H I 

lJ1•pa1111w1tt 11f !\latlw111atics. 

l·an1ll\ 11f \L1tllt'111;1ll\" ;11111 .\a1111al '• 111w1·.' 

lhg,01 ,\~rwultnral L"11in·rsit~ 

JI. ~lt>ra11t1 . K:11np11:; I PB Dar 111a~a. B1i)!;or. l(i(j 0 l11do11esia 

J\ BSTH,\l.:T. TIH: J\!l',~-~ 1 int.v prolil1·111 b <'Xpl1m·d i11 t ltis paper 
The wu1d111atl'S formulas of all \WltCt~ 11f tlw Klec-~l111ty cubt' 
are 1>rl·s1:11ted Thi• ~uu:.t·t 1cµ11·:.t·mat11111 of the vertic:c:; of the 
l\lct>-ti.lint~· cubt• is discussC>tl. lluw to c:orn;truct the I<let'-t-.1i11ty 
path 1s showed It turns oul that there arc rich structures in the 
Klet'-ti.linty path We explore tht>sc structures. 
Key wrmis: Klcc-~liuty cube, Klcc-f\ l inty path, Klcc-r-.linty prob­
lem. 

I NTf{()f}{ l('TION 

The l\lee-~l1nty (Kf\l) prciblr111 is n problern that had bcc11 presented 
by l\ll'e and f\lillLy i11 j3]. Tiii' 11-di111cnsiu11al l\f\J problem is giYen by: 

min y,. 

subjccl LO PYl..-1 < !Jk s: 1 - fl!JJ.. I· k = 1. . . , 11. 
( 1) 

where p is small positin·' number b» which t.hl' u11il c11b(' IO, l)" u 
squashed. and Yo= 0. The domai11 (we c!enole a~ e"), which is called 
Kl\J-cube, is a perturbation of the unit cube in R". If p = 0 then 
the domain is the unit cube and for p E (0, 4) it. is a perturbation 
of the unit cube which is contained in lhe unit cube itself. Since the 
perturbation is small, the domain has the same number of vcrtice.s as 
the unit cube, i.e. 2". 

The Kt>.I-problcm hns bee-om<' fa111ous hecaus<' 1\lc(' nnd ;\linty found 
a pi,·oti11g rule s11ch that tliP si111p1'-:-.: lll<'thnd n•q11in•s 2" - l itcrntions 
lo sol'"'' Ll11' prohlc•m ( L) 

Yk-t ~ Y>.- ~ l - !/1.: - 1 

In this paper. we explore lhe I\f\l prolilt•111 f11rtht>r. \\"c prO\·i<l<>.s for­
mulas for th~ coordinmcs of all vertices of tltr Kf\1 cubr. and discuss 
the subset repre::;emation of the vertices of the Kf\1 cube. Then we 
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L' 

1h·:-.1·1il11• tl11 l~\ l pali1 \\1 :-.li11\\ :ii.11 \\111'11 11:--111~ tlw :-11!1sll 11·pn•s•'ll 

1.it11>fl. tlw 1'!\I p;1tl1 1.111 • .i:-:tl,\ 111 • • • 11:-11111 •··d \,,. 11-..1n;• tl11 ,,,_, alJ,.,J 
Jl1pprny opPraliotL It 111111.., ••Ill lhal ll1l·11• a11 1i1lt slnt<ltm•s Ill tl11· 

I\\{ path \\'l' cxplun• tltl'~c· strudUIL's 

'2 \'Etrll t'I"' t>I· 111 1 h:11.1 \)1-.:'f"\ 1'1 Bl 

\\'1tl1 tlw 11-dn1 :1·11:-.11J11.d l\~ I p111l1l··111 . , ..... d· · 1i11··d 111 l l . \\1· 1h:l11w •lit: 

slack \'CC:tors :'.: aud g ill'1·111 d111g l 11 

/; - I ... '' · (21 

.~k = ] f/4 /11/k l. k - J. . . Tl. (3) 

Fur any \'Crt l' X of the I\ f\ I n t I 1l' \\'l' I 1a n' 0i t hc-r ::?,4 = U nr gk = 0, fur each 
k A~ a c.:011s< ~que11 c·l'. cnd1 , ·1·1 It'.\ c;111 l>v dw1 ill'l l'l tzcd b~· Llic• subset 

of the index ~ct '.J = { 1. 2 ..... 11} cow;isti 11g of tlw iudice::. k for which 
Sk vanishes (and hence §.k is po$il ive). Tlierefur<', givc11 a vertex u we 
define 

s,. = {k 

l\ote thal Ll1e K~I cube ha ... "> 2" n-rticc"> S111n· 1" is also the number 
of su bsPt:- of f he i 11<lex srl ) . c.1d1 s11 hs<'l S of t h<' 111rl<'x sC'l u 111q11f'I y 
determines a vertex. \\'c de11ot1· Ll11s \'NLex a.::; t"". Gi"en 5', the co­
ordi11ates of t"<; in tht' y-sJXK<' can t•asi ly b0 soh-cd fro111 (2) and (3). 
because we then haw .;;1, =- 0 1f I.: f Sand ~" = 0 if k ~ S, which yields 
n equal io11s in the <'llLriC's of t lil' \'l'< tor y \\'Jw11 d<~fini11g y0 = 0 and 
y = t•s, one easily deduces 1 hat 

{ 

} - /'!JI.. t • /; f _<;, 
!h = ( 4) 

/Ith l • k f/:. .)' 

Si11cc !Jo = U. we han! y1 E { 0. l}. Tl1is wgc•t. ht•r with ( 4) 1111plies lhat 
Yk is a polynomial iu p whose dcgn•c is at most k - 1. f\.1orcover, the 
coefficients of this polynomial take 011Jy the values 0, 1 and - 1, and 
t.hc uonzero coefficient.::; alt ernate between 1 a11d -1. Finally if Yk f: 0 
t hen t.he lowest. dt'grec t.crm ha . ..; rneffki<•11t l 

\Ve can be more spccifir. Let 

.) = {St. S2, ... , Sm} , So = 0 < 81 < ·'>2 < . < S,,. < Sm-1 1 := n + l. 
Then the entries of y are gi,·c11 by the followmg lemma. In this lemma 
w1.· define an empty sum to bC' rqual tn 7C'rO 

Lemma I . One ho., 

v~. = L t-1r· ,,)·· '· U ~ t 5 rn. 
1=1 

and 
_ k-s, k 

Yk - p Y.~.' Si < < S,+ I : (6) 



I.\~ . \ \I JI " \( J ~ fl f :'-W\ IJ \f'li ~llH• 11 :. 1 I~ 

f>nu.f If J, (: ...... t lll'll t It•' '1. fi1 1tt i• Ill 11f ,'-,' i111pli1•:- 1 lt.11 ' . ' I . ' •.: r, If 

'"ltlt " I. \\Jilt II· · I .· 'II Ir r .. 11 .... ,· .... 1:·11111 Ill th:1t 1111 lia 1 i-;1:--• 

I. - . , I ~ '• 
l/J.. =-- !'!/~ I ::- • .. 11 .IJ.,. I - I' I/,,. 

pn>\'lltg (G). 
So it remai 11s to pron: (.')). The pwof uses ind ucl ion wi l h r<'sprct t <1 

the index t 111 (5) Befon· 1•11t<:ri11g l111-.. JH011f it lllay he w()rth nutmg 
that ( .) ) expr<'SSl'S !J,, a .... a poh· 11omial 111 I' <1[ cl<'~t c·c> s, "i Th·· 1 .. ,,., . ._, 
d1'gn.'(' term <JITUrs for J - 1. u11d IH·11t·1· 1 l1i.-. tt•rt1 1 1•quab ( I )2'11" - I . 

F'or 1 = 0 the Slllll i11 (.=)) h('c«111tc•:-. 1•111pt_,., \\'lt(·lt< '<' w1• ohtai11 !Ju= 0. 
a~ tl shuuld Tl11s proves that (5) hold-; 1f i = U. >:ow assume that {5) 
holds for soml' t , with 0 $ 1 < m. S111n· s,, 1 E 5', a<.:cordi11g to (4) we 
ha\'C 

Y:i.,, = 1 - fJY.~ .. 1- 1· (i ) 
Al this stagl' we need to cl1:-.t111g11ish two cn.scs· .~ •• 1 - 1 E S (ca .... <' I) 
and s,+1 - 1 ¢ S (case II ) 

1 n case 1 we must hav1~ s, 1 1 - I =- s, Si nee ( 5) holds for y,, it follows 
from (7) that 

Y<.+• = 1 - py., = l - 11L~~ 1 ( - 1)' 11p•· -•, 

= i - L~ _, , (- 1 )i-!Jp"·n .• , 

= 1 + z:~ = 1 ( - I )''1'1p., .. 1-s, _ 

In case II wC' mny use (6), whi< h gi v1·~ 

71 = p·••+i - l -s, 11 = 0 .. ,,, - l -s, '\''. (-l)HJps,-s1 .J-'• 11 I .. •, r L....;-1 

= L~=l( - l)HJp·•.-11 - 1 .. s,, 

whC'11C'e (7} yields that 

Ys,H = 1 - p L( - l)'ilf/"i - 1-.•, 

J=l 

= I + L ( -1)" .. 1 ( ] p"· ' I .. s J • 

;=1 

We conclude that in both cases we have 
i+l 

Ys,t1 = l + L( - l)1 .J llJp·•·11 -·•1 = L(-l)11l+Jp·"•-1 1-·•1. 

j=I J =d 

which co111plelt>s the proof 

~~ . 'l'llE KLEl·:- :--,llNTY PATH 

0 

As already mentioned previously, Klee and Minty found a pivoting 
rul<• such that the simplex met.hod requires 2" - 1 iterations to soh·t> the 
problem (1). This impli<.'s that the met.hod pa.·ss"::: through all ,·prtices 
of the KI\l cube before n11d111g the opt imf\J ,·ert (~x (which is of c:ourse 
the zero vector) . We call this palh along all vertices the l\.~1 path. It 
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f: Ii: l' \I ii I!: :. l .'' 11. \I \ 11 l 

1s 11·l'll k11uw11 i11 whicli 1>rdl'1 1l11•1·•·11 in·~ <•l l' 1·is1tt>d . ' l liis nu1 lw ea,o.;ily 
d1•:-.t:rilll'cl l.>y usi11g tit« s11bsc·t n ·prl's1•11tatio11 of tlt1· 1·1•n tcl':-. iu1rnd 11r1•d 
i11 the prc,·ious sedio11. Tlw pat It starts al \ 't>rt1,x (0 . . .. ll. l) wltos<· 

subset is th(' subst•l S1 = {11} . ThP s11hM·q11c·11t sulJst>L!" ar\' "l1ta11H·d Ii.\· 
a11 t ipt•ratio11 wlticlt we call jl1pj11119 a11 l!ldcx w11 l1 11•sth'l l 1 •J 11 s1iiJst'l 
S [..t] Gin•11 <t suhsC't S a11d an i11c11·x 1 li 1pp111g 1 I wuli rt 'SIH't'l '" .)'/ 

111ca11s l !tat we add L to ,..,· tl 1 if. .'.;, ;.111d n:1110v1 · / fro 111 !:i if i E S. \ow 
lrt Sk denote the subset «Orresµonding to the k·th vertex Oil t.he f(ll,j 

pat h. Then s k ·t 1 is obtai11PJ fro111 5'1; as follows : 

• if jS1;I 1s odd, tltu1 Hip 1. 
• if fS1;[ is en~11 . tl1L·J! llq1 tl11· l'k1111.·111 fuiluw1ng tl1r: s111allc:;t elc-

111<•n1 in Sk. 

Denoting tltc rcsulti11g scq11e11n· as P,,. wt· ca11 11ow t•u.-; ily L'Ullst.rut:t the 
KM path for srnall values of 11 : 

P1: {l}-t0 

P1 : { 2 } -t { 1, 2 } -7 { 1 } -t © 

P:j : p J -t { l. 3 } --> { 1 . 2 . 3 } -t { 2. 3} -~ n 
P4 : {11} ·-+ {1.4} -t {l.2.4 } -t {1,,l} -7 {1,3 . ..t} ---+ {L2,3,4} 

-1 {l,3, 4} -t {3, 4} --+ n1. 
Table 1 sho\\'s the subsets a11<l the correspon<ling vectors y for th<:> 

1\t\I patl1 for n = 4. The corresponding tabh•s for n = 2 a11<l n = 3 arc 
subtablrs. as indicated. Not<' tltnt if subsets S a11d S' differ only i11 n, 
and y = v5 and y' = Vs•, then wr havP 

y, = u: , I $ i < 11. Y11 + v:1 = i. 
Obviously, the subsets of t\\'O s11bsequcr1L vertices differ 011ly ill 011c 
cle111e11l. J_..'or lite COrrespo11di11g subsets, Sk a 11<J Sk-H say, Wl! denote 
this element. by ik . Then we ha\'e -~·~ = 0 in oil<' o f thc:;e vertices, and 
iu the ot lier vertex s,4 > 0, or cq11ivale11tly ~ik = 0. On the i11terior of 
the edge connecting these Lwo ,·ertices we will hm·c §.,'" > 0 and s,k > 0. 
If n = 4 then , whe11 following the 1\1\1 path. the flipping i11dex ik runs 
through the following sequencc: 

I, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, l, 2, I. 

So if n = 4 the11 the Hipping index 8 times equals 1, 4 times 2, 2 times 
3, and once 4. 

Table 2 shows tltP s la«k n •c lor ~ alHI Ta l; k 3 tlw :,lack ,.<:ct.or~ for 
each of l hr vertices. For a graphil'al ii Inst ratio11 (wi th n = :3) \\'t' rnft•r 
to Figure 1. 

4. SEQUENCE OF VERTICES IN T HE KLEE-I\.1JNTY PATH 

One easily observes that for n E {2, 3, 4}, the second half of Pn is 
just Pn- l whereas the first half of Pn arises by reversing the order of the 
sequence P,, _ 1 and adding the clement n to each sets in the resulting 
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T\111 1-: l. ·r 111' l\i\1 pal h (iu llw !I sp:w<>) fr>r 11 = -1. 

SCCJlWlll'C. Hence, when dcnot in~ the fir~t half of Pn ns ?;11_ 1 we have 
for n E {2. 3, 4} that P,. = f1~' 1 -+ P,. 1 l11d1wl. wlwn d1•fl11mg P0 = 0 
then this pattern holds fo1 each 11 ~ 1. a.<> stalt>d in Lhe following lemma. 

L<'t111t1a 2. F'm·H ~ 1. m1<· ha.~ 

n . 611 n 
I 11 • r

11
_ 1 -~ r,.. I· (8) 

Proof. The proof uses induction with respect lo n. \Ve already know 
that the lemma holds if n $ 4. Therefore, (8) holds if n = 1. Suppose 
that n ?: 2. Let Sk clenot(' the k-th subs<'l in the sequcnc<-' P,,_ 1• By 
the induction hypothc>sis we> have 5 1 = { n - l} and 52 ., 1 :..... 0. The 
first set in P11 is the set {11} =- {n} U 52 .. . 1 . For 2 $ k ~ 2"- 1, we 
consider the set S = Sk U { n} and we show below that it.s successor 
is th<' set 81:. 1 U {n} Thi:' will impl,,· that th<' 2" 1-tlt S<'1 in P,. is 
5 1 U { 11} = { 11 - I. 11}. \\ l1osl' :-.11n-1·ssur is th<' sf'( { 11 - ] } • t hC' fir:-1 set 

of J>,. 1 1111:- 111ake:- 1.: lt:ai 1ltat 11 s11lti1«~s fc>r rlw prvuf of the h·mma if 
we show that, for each SC!, sk in Pn-1 the successor of sk u { n} is the 
set Sk-l u { n}. This can be show11 as follows. 

If ISi is even then the successor of S in P11 arises by flipping the 
element. following the smallest element in S. If this smallest element 
equals n - 1 then we musl ha,-e 8 = { 11 - 1, n}, and then the successor 
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TAULr; 2. The KM path (in the §-space) for 11 = 4. 

of Sis tht' set {n - 1} = S1, \\'ltich 1s Ill<' first ele111ent uf P,, _1• Other­
wise the srnalle:;t clement is al must 11. - 2, and thc11, si11cc IS'kl is odd, 
the successor of S is equal to S'k - i U { n}. The latter follows since S 
and Sk-1 have the same smallest element and ISk-1' is even. 

lf ISi is odd then the successor of S i11 Pn arises by flipping 1. Since 
!Ski is e\·en flippi11g l yields t.11~· pn::decessor of Sk in Pn _1, which is 
Sk-1 - He11ce we fine.I again that llw successor of S is Sk- t u { n }- This 
completes the proof. 0 
According to Lhis lemma, thr. i11dex / that occurs I< times as Hipping 
index in Pn-I will oc:cur 21{ time::; iu Pn , i.e. I< times in P,~1._ 1 and /( 
times in Pn-l · T he index n flip:-. 011ly al. t.he la.-;t set iu P;:_ 1, which gives 
the first set in P11 _ 1• These sets ar<> {11 - 1,n} \ {O} and {n - l} \ {O} 
respectively. The complement operation of {O} is applied to adjust 
for the case whcrt' n = 1. As an i111111t•diatc ro11scqucncc "·c h<we the 
follm\·ing corol];·H.\ . 

Coro llary 1. The inde:.L' i , l S i S 11, nc·vc1 · flips in Pk, for 0 S k < 1. 
I l flips fur the first tune rn Pi when up plied lu the set { i - 1, i} \ { 0}, 
which yields the set { i - 1} \ {O} . 

From Lemma 2, for 0 S i < n, we can obtain 

(9) 
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LI 

(J 

0 
1 - 2p 

I - 2p + 2p:1 

-, 

{l. 3} 
{1 ,2,3} 0 

{2,3} 1 

0 

0 

() 

(J 

1 - 2p + 2p2 - 2p:1 

l - '211 + '2.f>'!. 

{2} l 0 

{ 1, 2} () 0 

{I} 0 1 - 211 

0 1 I 
-

I - '2.p 

1 - 2p + 2p2 

1 -- '21/-

I 
- -· --' 

1 - 2p2 

1 - 2p2 + 2p:I 

1 - 2p3 

l 

TAOLE 3 . The I~~I path (in tl11.' .~-spiw«') fur 7l = -1. 

Accor<l ing lo Corollary 1, index i is Hipped for the fir:>t Liuw iu P1 • 

hence we hn.ve thr next corollary. 

Corollary 2. The mdex i jl1ps for flit lust ti 111I' 111 !',, ot the sci 
{i - l ,i} \ {O} , which yields lhe set. {i-- l} \ {O}. 

The sequence ?;:_ 1 is eq11al to the sequence which is obtained by 
reversing the seqHencc 

and by adding the elr.mcnt. n t o Pach srt~ in the rc>sult ing sequence. 
Thu::; tbe next. c·orollary foll1>\\'::: . 

Corollary 3. The index i flips for lhc first tm11..: in Pn at the set 
{i-1,n} \ {O}, which yiel-ds the set {i-1, i,n} \ {O}. 

~lorcover. b.v let ting J, h<> Clll.\' snbsc:t of J\ {1 . . ... i} . \H' hnw the 

folluwi ng cr_irnllar~-. 

Corol lary '1. Thr in rlr?T 1 fli71s 111 P,, whrn it 1s applir.rl fn f'1fher 

{i - 1.i}\{O}UJ, or {i - 1}\{0}U.J, . 

Proof. Let us consider Pn as in (9) . The flipping indexes of two sets that 
connect.ing t"vo sequences of sets consecutively are n. n - 1 ..... i+ l. In 
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FIGUllE 1. Unil cul>e (red <lashed) , Kl\1 c.:ubc (Gluc 
da.she<l) a11<l Kl\1 path (blue solid) for n = 3. 
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this case there is no index which is equal Loi. In ~. flipping an index i 
is only applied lo the set { i - 1, i} \ {O} which yield the set { i - 1} \ {O}. 
Let us call the pair of two sels, where an index i is fiippc<l wit.Ii rc:spl!d 
to one of the sets and a11other one is ils successor, as pair of sets with 
flipping index i. Generally, the• pairs of sets with Hipping index i that 
appear in f>;+ 1, k ~ i. definitely equal t.o pairs of sets which is resulted 
from the union of each set of pair of sets wilh flipping index i in P1.; by 
{k + l}. By taking J 1 as any subset of '.J\ {l, ... , i}, we obtain that 
the pairs of sets with flipping index i in Pn are {i - 1, i} \ {O} U J1 and 
{i - l} \ {O} Uk This implies the corolla.ry. 0 

The following corollar~· t·:q>r<':';Sl'S \1<>\\. 11w11.\· t i111<?s l he i 11dc·x 1 is 
Aippccl in Pn . \\'t' hnn' di~r11s~C'd tl1i :-. 1111111h<'r for snwtl rnl110 of 11 

previously. 

Lemma 3. The index i, 1 ~ i ~ n, is flipped in Pn exactly 

r-· times. 



I \I \ \ I JI . ' \ ' I .! : ) I :-1 • i: .1 I! :11 I " : 1-. l I'• 

h1111_/ J lw 111d1 ·\ 11i:,t!tpp··d111th I 1111w 111 / 1
11 H_,. 1i:-.111g th\' n ·1 1ir:-.1,·1· 

p;i!ll'rll tlf f1,. ;L.., ill i.c·tllll!:t.'2 a11d ('unillat_\' J. ill })11 • tJH' it lCkX 

11 - I i~ flipped '2 tl11w:-:. 
II ') i:-: ll1pp1•1 I I ll 11 ll'~. 

II /; . i:-; f!q11 wd :.!' I illlt ''" 

is flipped 2" · 1 lim('s. 

Tht• lt•mnrn fol11)ws by Laking i = 11 - k 0 
\Vlwu n is ~ivc'11. Litt• set S».: is 1111iq11rly dcLPrmincd b~· k, a11d ,·ice 

\'(•rsa. ~ll>l'l'O\'l'I'. for c•ach J.: (2 ~ k ~ 2") , Litt• SClS .)k ·l n11d "'"· 

differ only 111 Ulll.' cl,·111c11t This JJwa11s tlint the scque11cc P11 dl•fi11t>:o; 

a so-called Gmy code Such codes ha\'C lwen SLudicd thorough I~ . also 
because of their many applicatio11s. 1 It may lw worth mentioning some 
r<.'sults from the litf'ral me that urn.kf• Llw one-to-one corrcspond{•nc·C' 
hrtwce11 k and sk more explicit. Tl11' llC'Xl proposiLion is Lht> main 
result (Thcon•m ()(ii)) in pJ.'1 

Proposition 1. 01w !ins i E 8k if and only if 

--. - + - mo<l 2 = 1. l2"-k IJ 
21 2 

( 10) 

Gi,·en J.:, by computing the lcft.-hand side expression in ( 10} for i = 
1,2,. .. , n we get the set Sk. Conversely, when Sk is gi\'en we can 
find k (also i11 n iternlions) by using Corollary 24 in jl]. This goc>S ns 
follows. \\"(' first form the binary f<'f>r!'St'!lll\t1on Oii·· .b2b1 Of Sk, with 
/1, = I if t E SJ.. anrl h1 = 0 othC'rwi!'<!. \Ve thrn replace b; by 0 if the 
number of 1 's in b,, ... b2b1 to the left of b, (including b, itself) is even, 
and by 1 if this number is odd. The resulting binary n-word a11 ••• a2a 1 
is the binary representation of some naLural number. let it be I<. Then 
k = 211 

- K . For example, let Sk = {2, 3} and n = 4. Then 

Si.= b11 ••• f>.ib1 =0110-+ n,, . . . a2 n1 = 0100 =: 4-+ k = 24 -4 = 12. 

which is in accordance with Table 1 

1Cray codes were lirst designed to speed up telegraphy, but uow ha,·c numerous 
applicatio11s such as in addrcs..;ini; microprocessors. hashing algorithms. distrih11tLxl 
s.'·o;tf>rn". (kf.1'c-ti11g/ 1·orr•'rfing diannel nflisr :\nci in :::t1h-in11; prob!Pms ~urh :i~ th•' 
Towrr:-; of Han"i. C'hm1·~" nini.: and Ilr:ii11 and Spi11•••1t 

21t ~implilics an l'i\J ht:r t l·~ult in 12i. 11<111wh 

( 
2n - 2•- l - I )' 

1 E: S, ¢:) l2" _ 2,_2 _ r\'-"J mod 2 = 1. 
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.. \11 l'dµ," (Jr 1111· l\ \I 11:1111 111 c·· 1" : 1 111 1· ..... ·µ.1 111·111 , .. 1111·, 1111" "'" 

<"VllSl 'l"llll\'\' \'l'Jl1n·s 11l tlt1· l\\l p.ttl1 :h lwl•1n·. \\'l' ll'plvs•·11t !lw /,- tit 
\'t'rlPX 011 t IH· 1\.\1 path I>~· tlll' ..,,.l .'->, l lw 1·dgl' cu1111vvti1t.l!. .";4 .111d 

...,·, .• ! t..., d1·11 o lt·d ii.' • t Tltl1 s1•1 u l .di 1•dL!1•:- 11f tltl' 11-d1111t•11~111 11i1l 1\\1 
;1ath. d1·111>t1•d Ii\ F" JS tht 'Jl'f1J11 !!.I\• 1, 1,, 

! ' . I /:." .. u ,~ : 11 J 

~ t 

Ht'llll.!lllbt.•r that sk a11d sk t I dill1·1 ntd~· Ill Ill)(! l'lt!tlll.!lll. wl11d 1 \\'L' rlc111)\1' 

a.'i zk· On tlH· interior of tliP cdg1• cu1111e<·ting t hc.se two v01tic:0!-> \\'C' haw 

~., > 0 n11c.1 s.4 > 0. For any j i= 11... wt· have ~1 = 0 if j E Si.. n S'k+ 1 

and §.1 = 0 utlil'rwis('. Su it folluw!:i lhut if J i= 1k thcu cithc1 !i.
1 

= 0 Oil 

ek or :SJ = 0 uu cJ: . 
For lk f. l, W<' haVL' either ~ 1 = 0 or St = 0, which 1111pltl'S <'ilhcr 

Y1 = 0 or Yt = 1 on c·4~. Since fur a11y J < lk w<> have eitlwr ~J - 0 or 
"'1 = 0 Oil ck', W<' ma)' nmdud<· that y1 ts c-unsta11t 011 <·~ S111111nari.1.11tg , 
we may stat(• that un ck \\'(' ha\'l.' tlt1• fullowi1tg propcrtie:; 

(i) §.,
4 

> 0 or 8,k > 0, 
(ii) j =I h : .~1 = 0 or §.

1 
= 0. 

(iii) I ::; j < ii_ : y1 b conslaul. 

Table 4 anci Tabll' 5 shu"·s 1 lt1· shwk \H ·t ut :: a11d .~ 011 r·j_' f111 11 = -1. 
The :m L>t a hie•:- sl tU\\' ;i aw I ,;:, for 11 = l . 11 "'" 2 a11d 11 = 3 

\ fo lhcrcforp Call describe the edge cJ: as follows 

e~ = {y Ee" : for any j f. ik, 51 = 0 if j E SknSk+i, §.J = 0 otherwise}. 

Or, in other words, i-;incc 

we ma.\· writ<' 

<; k < 2" . 

{ 

y EC:" : } 
cJ: = Sj = 0 ~f ~ E Skn~k+l1 . 

§.1 = 0 1f J ¢ Sk u Sk+ i 

Further claborat ing (iii) w0 get t lw following lemma. 

(12) 

Lemma 4. L' I h !Jr tht j/1p1nnq c/C'lnrn l fl)r S;:. lllf'11 mi ( Z for J < 
J < h Olli ho.~ 

{ 
1 . ) = lJ.. - l. 

YJ = 0 , otherwise. 



P} 
{ l. ·I} 

{ I. '.2. 

{2 . . 1} 
{2. :~.-I} 
{ 1. 2. :L 

{ l, .~, 

{:!. 
{:l} 

{I. .q 
{ I . .? , 

{ ') 

-· 
{2} 

{ l . 

{ 

Edge 

- {1,4} 

- {l,2,4} 

I} - (2,4} 

-· {2, 3, 4} 

- { 1. 2, 3, 4} 

1}-{L3,tl} 

I} - {3, 4} 

1} - {3} 
- {l,3} 
- (1.2,3} 

l} - {2,3} 
I} - {2} 
- {l, 2} 

~}-{!} 

I} - 0 

~I 22 .:i'I 
(O. l) 0 0 

l (0, 1 - 2p) 0 
(0. l) (1-2p.l) 0 

() l (0, 1 - 2p) 
(0. L) {1-2p,l) ( l - 2p, 1 - 2p + 2p2 ) 

I (0, 1 - 2(1) (1 - 2p + 2p2
. I 2p'l) 

(0. I) () ( 1 - 2(>1 . 1) 
n 0 1 

(0. I) 0 (1 - 21>1. I ) 
I (0. 1 - 2p) {l - 2p + 2(11 . 1 - 2p2 ) 

(0. l) (1 - 211. I} i (1 - 2(1, 1 - '2p + 2p2
) 

() 1 (0, 1 - 2µ) 
(O. l) (1-2p.l) 0 

I (0. 1 - 2(1) 0 
(0. I) 0 0 -

·----
~ 

{l - 2p3 . 1) 
\ l - 2(12 + 2p:\, 1 - 2,,:1 

( l - 2p2 . 1 - 2p2 
...!- 211'1 

(1 - 2p + 2(12 , l - 2,,~ · 

( l - 2,, - ~ '2(12 - 2p-:i. l - 2,, 

{I - L/I . 2,,-:i. l - 2p -1- '2111 

( I 2p. I - 2(1 I 211:1) 

(O. 1 - 2p) 
() 

() 

0 
() 

0 
() 

n 

-- - -, 

1,,2) 

'211:1) 

. - --
TABLE 4. Edges of thr I<M path (in :;::-space) for 11 =- -1 
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I
I Edge 81 .52 I .<;3 ] ~ I Ti1 - {l, tt} co. i) (1 - 2p.1) 11 - 2p2

• i) . j 
{l.-1}-{l,2,4} 0 (O,l-2p) (1 2tJ+2p2 , l -2tJ2 ) 

{1. 2.~} -- {2, 4} (O, 1) O (1 - 2r1. 1 - 21> + 21>2 ) 

{2,4}-{2.1,4} 1 0 (fl. l-2p) 

{ l 
{1 
{2 

{2.:·:}-{1.2,3,4} co.1) a o I {2. '.1 
{I, 2 

{I 
{1,2 .. ~ .. l}-{l,3,'1} 0 (0.1-2p) () 

{l.:3.1}-{:3.4} (0.1) l(l-2p,l) 0 ., 

p .'I } - { 3 } 1 I 1 () ,__ __ 
{:3}- {l,3} (0, 1) I {l - 2p, 1) O (1 -

I 

{l.:q -{ l.2.~~} ' 0 l!(O.l-2p)i 0 lt l-2p .... ~ 
{ 1. L. :q - { 2, 3} ( 0, 1) Q Q I ( J - 2 p T ~ 

I 

{2.3}- {2} 1 i 0 \0. l - 2p) (1-

{l 
{l 

{2}- {1,2} (0,1) 0 (1-2p.l-2p+2p2
) (1-~ 

{1.2}-{l} 0 (O.l-2p) (1-'J.r>·2p2 . 1 -2{12 ) . (l-~ 

.~I --·- --J 
(l --- -----· 

!I 

ll 

n 

II 

(0. l '.!fi l 

2p I :J.ri • :!.1? '. 
~ . ., ) I I p· • 1 211 - :!.1 1• • ._,, 1 I 
:t ·> .1 I " ·) ! ' P - -I' . · .!.f 1 - -11 I 

2 ·) ' I ·1 , (I+ L.,,. . - _,,-
•) I 'i p· l :!11· -!.. '21r l 

n'2 , • 1 1 I ) 1:1. ,. 1 _, .. ..., • 

' 

• 

i~ 

-.,., 

,. 
~ 

;... 

1-~-- fJ! - 0 (0, I) (I - 2p, 1) r I - 2p2 , 1) _j __ _ (I - .'I ' I J 1 

---
TAnLE 5. Edges of the h ~l path (in ,;;'-span•) for n = 4. 
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hon{ 1lw1Jttl\' dtl11·11•11 t 1·!1·111• 11l 111 S, a11d .':", .. clPfl111t• ·l.'· ,.., t lw l1l l1·x 
1, 1ltat "'" 11111111 till' ~l'l .1....·,. :\1curd111.l! tn ( '11 r1 illn1y -1. tll<' 011h· d1f1'1•11·11t 
1· l1·111<•1ll 11.. ltapp1·11-.. i11 pa11 ofsPh {11.. - I.id \ {O}UJ,

4 
and {1l - I} \ 

{O} u J, 4 • when· J,. i:-. a11y s11li:wt of J\ {1, ... . 1k}. This nwans ll1ttt 
Oil the edg1' C'OllnC'C't i11g .'.Ji. a11d Sk 1 l \\'C ltaw• 

11 = 0, ~.! = 0. . . ~,4 :! = U. "•4 t = 0. 

From ~ 1 = U we get y1 = 0 Thrn subscque11lly wr get Yi = 0. . . y,
4 

_
2 

= 
0. Y1 4 -1 = I from ;z.2 = U ..... §.,

4
_ 2 = 0, .~, 4 -1 = 0, which proves the 

lemma 0 
0111' ma.' us<• Tahk• 1 lo \'Prif,,· Ll'mrna ·1 for 11 ~ 4. 
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