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Mathematical Model of Dengue Disease Transmissior: 
' 

Considering the incubation Period Both Intrinsic and Ext1 

Rinancy Tu mi laar1
• Paian S ianturi 1• J aharudd in 1 

: f /Jeptu·r Ilk' 111 '!l .\hu he.• 111ur h·s. B()g1 >r Agric 11! r ur,t/ l. ·nf \ 't' rsi~\ ·. I ndont•siu' 

.4bstract: Di:nglit' .f~·\·i:r is an i1~/~·,·1io1ts diseasi: in tropical r1.·gio11s. H"hi:rt' its Sfll"t•ad f,· tr(u 
.-11.•dt•Sat' ,l,.'t 'pli 11/US(j 11 iru . . \ /udt'li ng r Ill' ·'f'l'•'•td c ~l dt· 11g11t' df.,,·,n,· hill J;k· i littlt.· in 11 nd,· ,., tt111tli11g r Ill· 1. 

the.• spri:ad 1!{dis1.'llSt' in tl JlUf'11/a1io11. Tlk•n· hu\·,· fi1.'1.'ll .\1.'\"t'tU! trkllh1.·nlllfi1.·a! 1nud1.·f.,· uf th1.• ,,,,.,.LJd 11. 

this papt'I' 11·i/I h,• 111od{!h•d ti 111ud1.•I tlkll 1.·1i11s1d1.•ri11g till· i1ll·uh1llI011 f'•'nud ../r us 1rall.\l11/.\.\Io1/ 111 /i 
and 1nosc1uitoes. \·irusi:s u11d1.•1xu t111 i111.·11hario11 p1.•riud l1,:JiJ1\' 1hl· \·1n1.\ l·t111 111111\' /ron1 111uStfllifu,·., 

and rict! \'l'rsa !11u11ans tu 111osc111itul'.'· In thi., /hlf'l'I" 1n// d/.,l·11.\.\ rhl· trtlil.,,,11.,.,,011 ul dl·ngu,· 111 
inro/l'ing rhe i11c11hario11 (?f l'irus in hun1a11s it Ctdf,·d Intrinsic /11c:11b,11iu11 l\•riod t111d 111odl•/ i11r1 
incubation period in l1111nans and in 111os,1uito~.!s. 711t: rirus i11c:uhc11ion f'l'riod in n1os,111i1os ir ,·,till 
bu:uba1ion P1.'riod. The ji.n .. •d points \l't'IV detennined 011 this paper 011 horh n1odl•ls. there \H'IV nro 
na111e(r jive disease _!i.n.'d point and t'1ulcn1ic Ji.red point . .<»r<1hi/ity a11a(1·sis /X!t:fCu·n1l·d on hu1h . 
11u1nerical approach also pt•1:fl,r111ed. 11 1i·as jinuul tha1 n1odel with intrinsic fi1,·uhatio11 oscillah'.' 
stable l'alue. and 111od1.!l 11·irh fht• t'./Tt:cl <?{intrinvh· and t'Xtrin,·ic i11t·11hatio11 ost·illotes t:1·c:lically. 
K e_r•i•ordx: dt•n,1.,111t• ji.·1·c1'. int·uhatir111. 11111tht•111t11h·tt! n1odt•I . . \'/ R n11idt•!. _:f_,_1~1j}J~\··--

I. Introduction 
Dengue fCvcr has been existing in :\ustralia, Europe. 1\sia. South An1erica and :\frica sir 

century. Dengue virus is transn1ittcd by the bite of .·\edesacgypti 1nosquito as the nuiin factor. ~/ 

transmission of dengue disease \viii fi1cilitate in understanding the dyna1nics of the transmission of 
population. There have been several models that have been made by several researchers [1]. ["I· [3]. 

In this study. \viii be assessed a niod~I that refers to the study of Pongsurnpun [ l }. a 1nod 
related to the intrinsic incubation period. as \\·ell as a conibination of intrinsic and 1.!Xlrinsic incub; 
\Vere considering in this paper. 

Extrinsic incubation period is the period in \\'hich the start tirne of the cntr) of gan1L~tl°" 
mosquito's body to the stage ,,·here virus entered into the salivary glands. or in other \vords the peri 
virus could be transmitted by mosquitoes. 

Intrinsic incubation period is the tin1e in \\'hich the \'irus is present in the hun1an body unti 
to transmit to n1osquito. 

II. Mathematical Model 
The hun1an population is divided into three classes. nan1ely susceptible hu1nan (511 ). infe 

(111 ). and recovered human (R11 ). Susceptible humans are human that not immune and have not he 
Infected humans are human that already infected and can transmit the virus to niosquito throl 
Recovered humans \Vere considered obtained i1nn1unity, thus no recovered hu111an could get infected 

Mosquitos populations divided into two classes, namely susceptible mosquitoes (Sv ). i 

mosquitoes (Iv). Susceptible mosquitoes are susceptible to dengue fever. Infected mosquito is m 
could infect virus in to other indi\·iduals. It \\'as assun1ed that hun1an and mosquito population size 
that the birth rate equals the death rate. a\'erage individual n1osquito bites on hu111ans per day is C• 

mosquitoes \Vere never reco\·ered after becoming infected. 
The follo\\'ing are the parameters that exist in the n1odel: Nris total hun1an population 

mosquito population. ais hu1nan birth rate.bis a\'erage of mosquito bites on humans. ( 11 is probabili1 
\'irus transmitted fi-om mosquitoes to humans. (uis probability of dengue '"irus transmitted frorr 
mosquitoes. 811 is a natural hu1nan death rate. r is rate of reco\·ered of infected hun1ans. D is rate of 
of mosquitoes. 8\'is natural n1ortality rate ofn1osquitoes. 

In this work. the model de,·eloped by Pongsumpun I 11 was used as the standard model as 
(1). Further, this n1odel ,,.·as n1odified also by Pongsun1pun [I] b: taking into account the effect oft 
extrinsic incubation period as expressed in (~). 

d b" 
-5 11 = aN - ....':.'!.s11 1r - 8 s 11 
dt r Nr ,, 

\\'\\ ''·.iosrjourna!s.org 



dt' - Nr ~ . '""" .• 1· 

(1) 

d b( -s• = o --• s•1• -as• dt N1 v 

!!_Iv = b(v 5V fH - o 1v 
dt N1 v 

and 

2.1. Mathematical Model Considering Intrinsic Incubation 
This model is a modification the model (I), considering the intrinsic incubation p01 

percentage of infected humans but incapable of transmitting the disease. This is known 
incubation. Thus, (1-z) is the proportion of infected human that can transmit virus to mosquitc 
equation (I) would result the following equation 

!!_5H = aN - b(h 5H JV - o 5H 

f. RH = rIH - a HRH (3) 

dt r Nr H 

!!_JH = b{h 5H 1• - (oH + r)JH 
dt Nr 

d V b(v V H V -S =D--S (1-z)/ -o S 
dt N1 ' 

d b{v 
-JV= -SV(l - z)JH - o JV 
dt N1 v 

given: 
Nr = S8 + 1H + RH andNv = sV + 1V 
To simplify the equation (3), it is assumed 

5H 1H RH 5V 1V D 
SH=-. IH =-N, R =-N , Sv =-N , Iv =-N ,andNv =-;--c4) 

Nr T T V v oy 

and obtains 

(5) 
div , 
-d = Yv(l -lv)IH - ovlv 

t D 

wherey~ = b{~with(~ = {v(l - z), and YH = b{Hn with n =. ~~v. 
2.2. Mathematical Model Considering Intrinsic And Extrinsic Incubation 

In this model both intrinsic and extrinsic incubation effect were considered. The sysl 

equations obtained are: 

www.iosrjoumals.org 



, I 

I 

dt- Nr_,_ 

cl b\v . . 
-I" = -s' (1 - z)/ 11 - 0 .. 1' 
dt Nr 

The system equations in (6) \\'Crl! sin1plified by using equations (--l). and results t!lJUation's: 

d/11 ' 
- = Y11S11lv - (611 + r)/11 
dr 

dS!! . 
-

1
- =a - y11 S11 111 - 011 511 

ct 

cl/ .. 
-· = Yv (1 - J,.)111 - o·,.fv 
dt 

(7) 

• · . · , · • lJ f tir 
whereyv = b\., with \v = \v(l - z), and y11 = b\11 n wuh n = -. N, 

III. Results 
3.1. Analytical Results 

The fixed point of the systern of differential equ~tions {5) and (7) \\·ere obtained by sctti 

illu = Oand div= O. and produced l\\"O tvpes of fixed point. Discasc-frt:e cquilibriun1 fOFF.) and t 
& & . 
fixed point. 

3.1.1. The intrinsic Incubation Effect 
The fixed points i.e. for the model with intrinsic incubation were denoted as P0 (511 , 111 .lv)' 

and the endemic fixed point P"(Sj1,lj1,lv) with 
. o11 b\~ +ov(o11 +r) 

511= 2 . . 
b \11\vn + li11b\,. 

1;, rShb 2(h(;.n -&hl'i~,(Oh +r) 

b2(h(;,n(Oh +r)+Oh b(~(Oh +r) 
(8) 

611b 2 \11\~n - 6116v(611 + r) 

611b 2 \11\~n + livb\11n(611 + r) 
• 2 . 

. l'fy. 7 __ b(v L __ Ou+r, AO b (11(1.n h to s1mp 1 1t suppose \ , t us 
O~· ' 611 6\'(rSu+r) 

5• - L+( J" - ,1'-1 /" - ((A'-tl (9) 
II - (+lAO If - (+LAO V - ,tO((+l) 

The fixed point P0 (1,0,0) \Ve obtain Jacobi matrix f po \Vhich \vas detern1ined using detU po - A 
obtain 

.!, = -1511 • .lz.3 = -q ± J q2 - 4zk 

with 
q=r+li11 +6v. z= liv(r+611 ), k=l-A0

, Y11=b\11 n, y~=b\~. 
The eigenvalues A2 and A3 characterize the behavior of the system around the point P0 . :\II eigen\·2 
negative if A0 < 1, it means that the P'(l,0,0) will stable if A0 < 1. 

The fixed point P"(S1j,l;,,Jy) \Ve obtain Jacobi matrix }p· \Vhich \vas determined usin. 
AI=O. The characteristic equation for /P* is 

P(,!) = .!3 + v0.!2 + v1,! + v2 

with 

_ (1 +LA') 0 ( I + L ) 
Vo - l!H I+ L + li11L +av A I +LA• 

2 (\+LA') 0 0 (6v611\L) 
v1 = o11 L \ + L + a,.611A +(A - 1) I+ LA' 

Vz = 6vli,1L(A0 
- 1) 

The eigenvalues of equation ( 11) is not easy to determine, therefore. the stability around th< 
p• (S;,, 1;,, Jj,) will be investigated using the Routh-Hurwit= criteria. 
Based on the Routh-Hwwit= criteria, the fixed point P'(S;,,l;,.Iv) will be stable if and only if tr 
requirements are met: 
v0 > 0, andv1 > 0, andv0 v1 > v2 

Based on the condition above, if A0 > 1 we obtain v0 > 0, and v1 > 0, and v0 v1 > v,. · 
Humit= criteria are met. The fixed point P"(S;,, 1;,. Iv) stable if A0 > 1. in which further fAO = R0 
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3.1.c. Th~ Intrinsic .-\nd Ex1rinsic Jncuba1ion Ethls 
The tixt..'J points i.i:. fur the 111u1.h:I \\ith intrin'.':li..: and cxtrin'.)i..: in...:uhation \\t..'fl.' 

P0 (511 .111 , I") = P0 (1,0,0) and the emkmic ti'"" pllint P' (S1j. 1;1.1,·.) "ith 
.. i111 b("+o",(li11 +rJ 

511 
= b'\;,\,n + 0'11 b\;. 

/,', = ,)!i~~(11(;.11-011•iric1u..,.,.J 
n t> 1 (; 1 (,.i1(,~11+rJ--.r111b( 1·V1 1;+.~• 

1
. _ c'Sl!b~(u(rn - 6!1 0;-(t~!i + r) 

,. - li11 /J'(11 ( 1 rt + 1>. b(11 n(1Y11 + r) 
· • I•(· l = ,1,, ... ,. ' 1 t•~(- ( .. 1• to s11nplily it supposi: ( = --!.., A = " · ·.thus 

1\1 <In •l1·l·l;, ~r) 

5• - I.+( /" - .. :i-1 /" \(.·!'-!; .., 
II - (+J..41 II - (+/.:!! I'= ,Jl((+I.)( I_,) 

The fixi:d point pn(l,0,0) \\C 1.)btain Jai.:l)bi 111a1rix fpu \\hich ,,-a'.) dctl.'rrnint:d using 1 

0, and obtain 

A, = -6'1,, A2•3 = -q ± Jq' - 4zk 
\Vi th 
q = r + 811 + 8,., z = 8v(r + 811 ), k = 1 -A', y;, =b\;,n, y;. = b\; .. 

The eigenvalues ). 2 and A:i characterize the beha\·ior of the systcrn around the point po. 
will be negative ifA 1 <I, it means that the P 0 (1,0,0) will stable ifA 1 < 1. 

The fixed point P"(S/1,lj1,li-) \VC ohtain Jacohi 111atrix }p· \\·hid1 \\·as d..:tcnnincd 
Jf=O. 1·hc characteristic cquntion t(.)r /P* is 

\Vi th 

(
\+LA') 1 ( I+ l ) 

v0 =811 \+L +811l+8vA \+LA' 

2 (\+LA') 1 1 (8v811\l) 
v1 =811 l \+l +8 .. 811 A +(A -1) \+LA' 

v, = 8v8~L(A 1 
- 1) 

The eigenvalues of equation (15) is not easy to detern1ine. therefore. the stability aroun 
P"(S;1,Ij1,IV) \viii be investigated using the Rourh-Hunrit= criteria. 
Based on the Ro111h-Hw11·it= criteria, the fixed point p•(Sj1,/j1,lv) will be stable if and only 
requirements are met: 
v0 > 0, andv1 > 0, andv0 v1 > v2 

Based on the condition above, if A1 > 1 \Ve obtain v0 > 0 ,and v1 > 0, and v0 v1 > e; 
H11nrit= criteria are met. The fi'ed point P' (Sj1 .1;1 .Ii·) stable if A 1 > I. in which further {Al = 
as the hasic reproduction nun1her indicating the expectation number of infected human during ti 
[5]. 

3.2. Numerical Results 
Simulations performed because the system difficult to observe directly, from simulatim 

learned things that could happen in population dynamics based on models. Simulation refers to s 
above. The value of the parameters: 

aH = 0.0000391, al' = 0.071, 811 = 0.0000391. liv = 0.071. \11 = 0.5, \vi· = 0. 7, b = 0.6, r 

z = 0.3. 
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Figure 2 ·rhc proportion ofsusccptiblc lu1111ans (5iu). inli:ctl.!'J lnunans t/uJ. and inli:ctcd lllllsquih,i:s 
\vith intrinsic incubation. \vith a ditl'crent value ofz and other para111ctcrs rc1nain. 
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Figure 3 The proportion of susceptible hu1nans (Su). infected hun1ans (/nl. and the proportion of 
n1osquitoes (/1) n1odel \\'ith intrinsic and extrinsic incubation. 
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Figure 4 The proportion of susceptible hun1ans (511). infected hun1ans (Iii). and infected n1osquitoes 
\Vi th intrinsic and extrinsic incubation ,,·ith a different value of z and c ,,·ith values of other paran1eti 

IV. Conclusion 
In general. the resulting model can indicate the presence in an endemic area for certait 

values. \Ve obtained t\\'O fixed points. namely the free disease fixed point and enden1ic fixed pc 
model. 

A.nal)1ical results sho\\' that the nu1nber of each subpopulation hun1an and 111osquito read 
condition around the free disease fixed point ''ith i..:1.111diti\)ll R. < 1 and ~1abl1? ar\'und 1?11J1?111i..: ti.\t.'l 

conditionR0 > 1. 
Fig I and fig 3 shO\\'S that a model \\'ith intrinsic incubation oscillates tO\\·ards a stable 

model with the effect of extrinsic and intrinsic incubation period oscillates cyclically. 
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• 
(z) caused an increase in the proportioo of susceptible humans (SH). decrease in proportion of i 
(/H) and infected mosquitoes (/r), and time towards stable more slower . 

Fig 4 shows that changes value of z and e gives a different oscillation behavior in ti 
susceptible humans (SH). infected humans (/11), and infected mosquitoes (Iv). 
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