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Abstracts. The behavior of traffic system controlled by traffic lights on a 
single lane is presented using the optimal velocity model.  The effect of 
differrent traffic light control strategies on the traffic flow is discussed using 
three different strategies, i.e. the synchronized, green wave, and random 
offset strategies.  The flow-density diagrams are analyzed using these 
strategies.  It is found that the saturation of the flow occurs at the critical 
density, which depends on the cycle time of the traffic light and the strategy 
being used.  On the other hand, the value of saturated flow does not depend 
on the cycle time or on the strategies. 
 The numerical investigation is carried out using cellular automata 
model to get a better understanding of the microscopic behavior of the 
three different traffic light strategies. 
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Introduction 

 There have been several approaches in mathematical modeling of traffic flow [2,4,6]. One 
approach, from a microscopic view, studies individual movements of vehicles and interactions 
between vehicle pairs. This approach considers driving behavior of every single vehicle and vehicle 
pair dynamics [2,4]. Another approach studies the macroscopic features of traffic flows such as flow 
rate, traffic density and travel speed [4].  The other approach in analyzing the traffic phenomena is by 
using the kinetic theory approach in analogy with gas dynamics in physics, which is called the kinetic 
theory of vehicular traffic [2,6] 

 Because of ist function to support modern lifestyle, everybody tends to take part in the system 
of vehicular traffic.  As a consequence, there are getting more-more vehicles on the streets. 
Unfortunately, the capacity of the existing street networks is often exceeded.  Therefore, this situation 
often leads to some traffic problems such as traffic jams.  The mathematical explanations and 
discussions on this matter has been done and getting more-more attention [5]. 

 In urban networks, the flow is controlled by traffic lights.  This can be considered as one 
possibility to reduce the traffic problems.  But unfortunately, traffic engineers are often forced to 
question if the capacity of the network is exploited by the chosen control strategy. One possible 
method to answer such questions could be the use of vehicular traffic models in control systems as 
well as in the planning and design of transportation networks. For almost half a century, there were 
strong attempts to develop a theoretical framework of traffic science [3,7].  For some simulation 
works, the reader could refer to [1,7] 

 This paper is aimed to discuss the modeling of vehicular traffic from a microscopic point of 
view using an optimal velocity model.  This model is of interest because of ist ability to explain not 
only individual behavior of a vehicle, but also it’s connectivity to some macroscopic values such as 
traffic flow and density.  Furtermore, the model can be used nicely to explain the evolution of vehicle 
movements with a presence of a traffic light.  Some numerical results is given from a cellular automata 
simulation, which shows how the traffic system behave at a traffic light under certain traffic light 
strategies.   
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The Optimal Velocity Model 

 The optimal velocity model is described by the following equation of motion of car i: 
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where xi(t) is the posisiton of the i-th car at time t, ( )ixV Δ  is the optimal velocity function, 

iii xxx −=Δ +1  is the headway of the i-th car,  and a is the sensitivity.  With this model the behavior 
of a given car in a traffic system is described as follows.  A driver always adjusts the car velocity to 
approach the optimal velocity, which is determined by the observed headway.  Moreover his 
movement will also be influenced by the sensitivity a, which allows for the time lag τ that it takes for 
the car velocity to reach the optimal velocity, where  τ = 1/a.  

 The basic properties of an optimal velocity function are as follows.  Is should be a 
mononically increasing function.  Moreover, it should have an upper bound (maximal velocity), which 
could be determined by the traffic rule or by the technical limitations of the vehicle.  Generally the 
graph of an optimal velocity function could take a form given in the following figure. 
 

 
Figure 1. The general Optimal Velocity Functions. 

According to these basic properties, the following typical function is being chosen [S and N, 2003] 
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where Vmax is the maximal velocity mentioned above. 

 

Traffic Light Strategies 

 To be considered is the traffic flow on a single-lane roadway. There is a set of two traffic 
lights defined on this single-lane roadway, which is illustrated in Fig 2. Let the length of the roadway 
is L and the interval between the two traffic lights is L/2. The traffic flow is being studied under the 
periodic boundary condition, which means that for a given infinite road length, this schema is simply 
repeated periodically.  

 
Figure 2. Schematic illustration of the trrafic light model. 



 There are three traffic light strategies to be considered, i.e. the synchronized, the green wave, 
and the random offset strategy.  In synchronized strategy, the traffic lights are chosen to switch 
simultaneously after a fixed time period T/2. The traffic lights are assumed to flip periodically (green 
and red respectively) at regular time intervals T/2. Time T is called the cycle time of the traffic light.  
In the green wave strategy, the traffic light changes with a certain time delay Tdelay between the traffic 
light phases of two successive intersections.  In the random switching strategy, the cycle time T 
changes randomly and the traffic lights change independently. 

 In the simple synchronized strategy where all traffic lights change simultaneously from red 
(green) to green (red), the traffic flow does not depend on the number of traffic lights for the periodic 
boundary, but is affected by the space interval between the traffic lights. Therefore, the traffic problem 
reduces to the simple case of a single roadway with one traffic light in the synchronized strategy.   

 

Theoretical Results 

If the average headway h satisfies the linear instability condition, the traffic jams appear. The 
transition point of the jamming is given by the following instability condition [7] 

 ( )hVa '2<  (3) 

where V’(h) is the derivative of the optimal velocity function. When the headway (density) is less 
(higher) than the critical value, the traffic flow becomes unstable and the jamming transition occurs. If 
the jamming transition occurs, the spontaneous jam appears and it propagates backwardas the density 
wave. The kink solution of the density wave is given by 
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The headways within and out of the jam are given as follows: 
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Simulation Results using Cellular Automata 

 In this paper, we analyze the impact of global traffic light control strategies, in particular, 
synchronized traffic lights, traffic lights with random offset, and with a defined offset in a recently 
proposed CA model for city traffic.  Chowdhury and Schadschneider (CS) combine basic ideas from 
the Biham-Middleton-Levine (BML) model of city traffic and the Nagel-Schreckenberg (NaSch) 
model of highway traffic [1].  

 The BML model is a simple two-dimensional (square lattice) CA model. Each cell of the 
lattice represents an intersection of an east-bound and a north-bound street. The spatial extension of 
the streets between two intersections is completely neglected. The cells (intersections) can either be 
empty or occupied by a vehicle moving to the east or to the north. In order to enable movement in two 
different directions, east-bound vehicles are updated at every odd discrete time step whereas north-
bound vehicles are updated at every even time step. The velocity update of the cars is realized 
following the rules of the asymmetric simple exclusion process (ASEP): a vehicle moves forward by 
one cell if the cell in front is empty, otherwise, the vehicle stays at its actual position. The alternating 
movement of east-bound and north-bound vehicles corresponds to a traffic light’s-cycle of one time 
step. In this simplest version of the BML model, lane changes are not possible, and therefore, the 



number of vehicles on each street is conserved. However, in the last few years, various modifications 
and extensions have been proposed for this model. 

 The NaSch model is a probabilistic CA model for one-dimensional highway traffic. It is the 
simplest known CA model that can reproduce the basic phenomena encountered in real traffic, e.g., 
the occurrence of phantom jams (‘‘jams out of the blue’’). In order to obtain a description of highway 
traffic on a more detailed level, various modifications to the NS model have been proposed and many 
CA models were suggested in recent years. The motion in the NS model is implemented by a simple 
set of rules. The first rule reflects the tendency to accelerate until the maximum speed vmax is reached. 
To avoid accidents, which are forbidden explicitly in the model, the driver has to brake if the speed 
exceeds the free space in front. This braking event is implemented by the second update rule. In the 
third update rule, a stochastic element is introduced. This randomizing takes into account the different 
behavioral patterns of the individual drivers, especially nondeterministic acceleration as well as 
overreaction while slowing down.  Note, that the NaSch model with vmax = 1 is equivalent to the ASEP 
which, in its deterministic limit, is used for the movement in the BML model. 

 One of the main differences between the NaSch model and the BML model is the nature of 
jamming. In the NaSch model, traffic jams appear because of the intrinsic stochasticity of the 
dynamics. The movement of vehicles in the BML model is completely deterministic and stochasticity 
arises only from the random initial conditions. Additionally, the NaSch model describes vehicle 
movement and interaction with sufficiently high detail for most applications, while the vehicle 
dynamics on streets is completely neglected in the BML model (except for the effects of hard-core 
exclusion). 

 In order to take into account the more detailed dynamics, the BML model is extended by 
inserting finite streets between the cells. On the streets, vehicles drive in accordance to the NS rules. 
Further, to take into account interactions at the intersections, some of the prescriptions of the BML 
model have to be modified. At this point, we want to emphasize that in the considered network, all 
streets are equal in respect to the processes at intersection, i.e., no streets or directions are dominant. 
The average densities, traffic light periods, etc., for all streets (intersections) are assumed to be equal 
in the following discussions. 

 In this result, it can be shown that a simple change of the update rules is sufficient to avoid the 
transition to a completely blocked state that occurs at a finite density in analogy to the BML model. 
Note, that this blocking is undesirable when testing different traffic light control strategies and is 
therefore avoided in our analyses. Furthermore, different global traffic light control strategies are 
presented and their impact on the traffic will be shown. Further it is illustrated that most of the 
numerical results affecting the dependence between the model parameters and the optimal solutions 
for the chosen control strategies may be derived by simple heuristic arguments in good agreement with 
the numerical results. In the summary, the results may be used benefitably for real urban traffic 
situations and whether it could be useful to consider improved control systems, e.g., autonomous 
traffic light control. 

 
Figure 3.  The cellular automata configuration 

 



 

 
 
 

 
 
 

 
 
 
 

 
 
 

 
 

Figure 4. The simulation results for the synchronized strategy using low traffic density. 
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Figure 5. The simulation results for the synchronized strategy using high traffic density. 
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Figure 6. Simulation results for the green wave strategy. 
 

 

Concluding Remarks 

 From the above discussions, some remarks could be given.  Firstly, the optimal velocity model 
in traffic flow can describe the occurance of traffic jams by determining the critical headway.  
Secondly, among the traffic light strategies, the random offset gives the best value of traffic flow. 

 Finally, it is worth to mention that some further studies are still needed to be done to consider 
different strategies and/or different assumptions.  Also it is still needed to find the actual optimal cycle 
time of the traffic light, so that this result can be implemented directly in the real situation. 
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